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Electrostatic potential: The electrostatic
potential difference between two points

A and B in a static electric field is %
defined by the expression,
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What does this mean? Imagine you are moving a charge q from A to B and trying
to expend the minimum effort. The work you would be doing can be calculated

from,
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If the work is to be minimized the applied force F will be very nearly

equal and opposite the electrical force Fe, i.e., F = -Fe

=W\ =- SKFZ. ﬂ and the charge gets to B with zero kinetic energy.
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so the work you do depends on tbhe amount of charge q carried, but the
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work per unit charge W/q, is _jg,d
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and matches our definition of AV, AV = Ve -Va = -|E-M
A

Units of AV are J/C, defined as the Volt. Note also that AV is a scalar!

Warning! Electrostatic potential is not the same as potential energy.



Calculation of AV in a constant E field.
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So, if we move upstream a distance d in a constant electric field, the

change in potential is given by AV = Ed.

AV near a point charge. Let's find the potential difference between two
points in a point charge electric field.
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Since only potential energy difference is defined, we are able to set

electrical potential to zero wherever we wish. In the expression above let
the starting point be at infinity.
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Now, if we set \/» =0 Wwe can write,

Vo= hQ = _ M where the subscript B has
e ey > Vr) | been dropped.

The expression developed above is simple, but we must remember when we
use it that V at infinity is assumed to be zero!

Example: Calculate the potential at point P due to two point charges in the
situation depicted below . Assume each charge is + 50.0 uC.
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Calculating potential is usually easier than
calculating electric field because it's a scalar.
Without vector components to consider,

extending the calculation of V to N charges is
easily done.
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Physical interpretation of AV.

A way to understand the physical significance of AV is to imagine carrying a
small charge as slowly as possible from one point to another with a "work
meter" that keeps track of the work you are doing along the way. If, after
arriving at the destination, you divide the value shown on the work meter by
the charge you carried, you will have calculated the potential difference
between the two points.

The reason the charge should be carried as slowly as possible is that an
external agent (like you) has the option to do extra work that would impart
kinetic energy to the charge. The value of the work meter would thus be too
large. To avoid this confusion AV is defined as the negative work done by the
field divided by the charge carried, since the work done by the field between
the two points does not depend on the whims of an external agent.
Sometimes, though, it's convenient to think of potential difference as the
minimum work, Wnmin, done by you (the external agent) to carry a charge
between the two points and then divide by the charge carried.

Since the negative of the work done by the field is also the change in potential
energy AU, a useful expression to remember is,

Al =QAV

Example: To illustrate the relationship between potential difference, charge and
energy consider a 1.5 volt AAA battery that can deliver 1200mAhr of charge.
How many joules of energy can this battery deliver?

From the definition of current, Aq = IAt. So, the battery can deliver 1.2 A*3600
sec = 4320 Coulombs of charge. If 4320 Coulombs of charge moves through a
1.5Volt potential difference, the work done by the battery is 4320 Coulombs *
1.5 Volts = 6480 J. This is about the same energy required to raise 660 kg
(1450 Ibs) one meter near the surface of the earth!



For continuous change distributions the calculation of V at a point is is done by
considering the contribution by a differential element of charge dQ, then summing
the contributions from all the dQ's by integrating. As a first example, let's calculate

the potential at the center of a ring of charge.
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Example: Potential on the perpendicular bisector of a uniform line of charge
wih total charge Q.
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Enerqgy of a collection of point charges. Imagine a collection of like point charges
held in place by some nonelectrical forces, like rubber bands. If we cut all the
rubber bands simultaneously the charges would fly apart because of the net
repulsive force on each charge. Thus, kinetic energy develops. The kinetic
energy came from the potential energy in the original charge configuration and
we are going to use the potential difference concept to calculate the original
potential energy of the charge configuration.

We'll start simple with a two charge configuration. Let g1 and g2 be two positive
charges separated by a distance ri2. What is the potential energy of this
configuration? To answer this question, consider the work required to build it.
Let the two charges start out well separated from each other and an
infinitedistance away from their final resting place. If we bring in the first charge
there is no field exerting force on it and we don't have to do any work to bring it
in, i.e., Wy =0.

But, placing the second charge at its final location is going to require work
because the first charge will be exerting force on it. Recall that the potential
difference between the starting point and end point for the second charge on its
journey is Vo, the potential at location 2 due to g4. This is also the minimum work
per unit charge to bring gz in from infinity, thus, Wz = g2 *Vo.

If we add the total work to assemble the two charge configuration,

Wiotal = W1 + W2
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Following this routine, we can calculate the work to bring in a third charge as
g3Vs where V3 is the potential due to the other two charges.
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So, the work to put together the three charge assembly is,
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Once we understand this process, it can be extended to any number of charges.

V due to a continuous charge distribution. We can get V for a continuous
distribution of charge by integrating the dV contributions from all dQ's that make up
the distribution. I'll forgo a grand general statement for a couple examples, which
should suffice.

Example: Ring o' charge. Let's find the potential on the axis of a uniformly
distributed ring of change with total change Q and radius R.
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Consider the case where x >> R. The ring looks like a point charge and we see the
formula in step 3 above gives,

\/(ﬂg h«_x@_ when x >> R.



Example. Finite line o' charge. In this development we'll see how to calculate
the potential on the perpendicular bisector of a finite line of charge.
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Do we like this result? To answer that let's take the limit as L gets very small
compared to x. If we get the result we expect for a point charge, the result is
probably true and we can invest our fondness!

First, note that for L << X, the ratio in parentheses in the last step has to be just
slightly larger than 1. Since that is the case we can use In(1+z) = z.
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You might think we can get another limit by letting L get infinitely long, but that
won't work here. The reason is that the formula we started with in step 1 assumes
the potential at infinity is zero. If we make the line infinitely long, then there is
charge at infinity and we can't set potential equal to zero at the location of charge.




Calculating E from V.

We can calculate AV from electric field using the definition of electrostatic
potential. Now we'll see that it's possible to calculate electric field if we know
electrostatic potential in a region of space. We'll start with the electrostaic
potential definition applied to one small differential step,
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Comparing the Iast two expressions for dV we see,
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where az ( a)( and is called the gradient operator.
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Example: If the potential in a region of space is described by V(x,y)= 3x2 + 2y*,
find the electric field at the point (2,3).
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The ability to get E from V means that V
gives a complete description of the electric
field!



Example: Find the potential inside and outside a charged conducting sphere with
total charge Q.
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" Here we have a spherical charge distribution. Outside
+ the field and potential look like that due to a point

While the most frequent first guess is zero, because the field inside
is zero, this is not the case. If we consider the work per unit charge
required to move a charge in from infinity, the work invested
doesn't drop when we carry it inside the charged sphere. The work
done just stays constant and so does the potential. In fact, the
potential stays locked at the same value it had at the surface,
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