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a solution to Eq. (2), his downfall is in translating this equa-
tion to the calculus. Since Max used Fig. 1 to guide his signs in 
this scalar equation, when a is translated into calculus he must 
write a using absolute value signs: |dv/dt|. Only in this way can 
he insure that his application of the negative sign is consistent. 
If this is done, then by applying the rules of the absolute value, 
we note that since dv/dt is negative, |dv/dt| must be replaced 
by: –dv/dt and Newton’s law á la Max becomes –m(–dv/dt) 
= mg – cv or mdv/dt = mg– cv. (Here we see perhaps the ori-
gin of the inner minus and outer minus.) However, the use 
of the absolute value sign in this way aligns the physics and 
the math. I would suggest that Max’s error was mathemati-
cal: simply not applying (not knowing to apply?) the absolute 
value operator. 

As a final thought, I would add that perhaps the physi-
cal misconception of Max in applying Newton’s second law, 
and in particular how to remember to apply it as Eq. (1b), is 
in the use of the “equals” sign. It was pointed out to me by a 
mathematician that the “equals” sign in fact has many differ-
ent meanings: equality (strictly logic); “follows from,” as seen 
on many equal signs in one line of an equation; “is given by,” 
in the use of mathematical function. Note this fact is backed 
up by the use of different symbols in computer programming 
languages. So I would suggest that Newton’s second law is an 
application of the last, but with a slightly more physical bent: 
acceleration is a result of forces. Pointing out this subtle detail 
may help students realize that the acceleration a is the func-
tion a(t), and is calculated using the forces.
1.  Kate Hayes and Michael C. Wittmann, “The role of sign in stu-

dents’ modeling of scalar equations,” Phys. Teach. 48, 246–249 
(April 2010).

Mark Paetkau
Thompson Rivers University

Kamloops, BC Canada

Sign issues for one-dimensional vectors
In a recent article,1 Hayes and Wittmann consider a ball 

thrown vertically downward (defined as the +y direction) 
with an initial speed greater than its terminal speed. Assum-
ing a drag force for air resistance that is linear2 in the ball’s 
speed, they write Newton’s second law in vector form as

ma  =  mg – cv ,                                (1)
but subsequently fault students for writing a scalar version of 
this equation as

–ma  =  mg – cv .               (2)
In my opinion, it is Hayes and Wittmann who have it 

wrong, not the students. Equation (2) is perfectly correct for 
the conventional interpretation in which a vector quantity 
written in italics (or without an arrow on top of the symbol, 
in some textbooks) means the magnitude of the quantity. 
All standard textbooks with which I am familiar follow this 
convention and it could certainly explain why the students 
understand a to be positive! To solve Eq. (2), one must next 

Author’s response
While I agree that the exciting topics in astronomy should 

be used to capture the interest of the student, students and 
their teachers should have a basic understanding of how 
the world works. The workshop participants were mainly 
elementary and middle school teachers who do not have a 
strong background in science (much less in astronomy, as 
evidenced by the pre-test scores). However, with one activity 
geared toward lunar phases in this short 10-hour workshop, a 
significant portion of the participants could answer the ques-
tion correctly. The question contained two parts —Describe 
the phases of the Moon (memorization) and how they are 
produced (analysis). Although only 16% of the teachers could 
correctly identify both the lunar phases and their cause, a to-
tal of 60% could accurately and completely identify the cause 
of the lunar phases. This task requires more analysis and a 
deeper understanding of the concept than the recall of the 
eight lunar phases. Furthermore, helping teachers understand 
the basic tenets of astronomy keeps them from perpetuating 
misconceptions as they teach these concepts to their students. 
One of the most common misconceptions regarding lunar 
phases is that they are caused by the Earth’s shadow on the 
Moon. These teachers have clearly confused the monthly 
cycle of lunar phases with a lunar eclipse. 

Our goal is to make the teaching of astronomy more 
“hands-on” for elementary and middle school students. By 
providing models and role-playing activities, such as “Ping-
Pong Phases,” abstract concepts involving 3-D spatial rela-
tionships become more concrete for the learner. 
Gina Barrier

Western Outreach Coordinator
The Science House, NCSU

A sign of the times
I applaud the effort and the tools used by Kate Hayes 

and Michael C. Wittmann1 to understand “Max’s” train of 
thought, but I would just suggest that Max and the other five 
students are applying what most first-year texts espouse when 
they introduce vector addition in one dimension. For many 
first-year texts it is standard procedure, in a one-dimensional 
problem, to state the magnitude (hence positive) of a quan-
tity and use +/- signs to indicate direction. This is the same 
reasoning Max has applied. I completely understand his rea-
soning at line ¾: “It assumes a is positive.” Max is stating that 
his variable a is the magnitude of the vector (hence positive) 
and the direction is given with a negative sign. In the article 
the authors seemed confused as to why Max treats variables 
as constants: “Perhaps the problem lies in his asserting that 
letters are like constants (which have a value that is only posi-
tive),” but a common approach to 1-D kinematics problems is 
to do exactly that. And from a vector equation point of view, 
this reasoning is correct. Unfortunately for Max, at the level of 
second year, he has to be more careful. Since we might expect 
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note that
 
                                 (3)

dva
dt

= −
  

because the particle is slowing down. (Both a and v are mag-
nitudes and thus positive, but the speed is decreasing with 
time.3) Substitution of Eq. (3) into (2) immediately gives Eq. 
(1c) in Hayes and Wittmann, and the solution then proceeds 
just as they describe and expect.

In principle that resolves all questions of sign in the origi-
nal article. However, there is more that can be said from a 
pedagogical point of view. I think all of us physics instructors 
recognize that the approach I have taken above, while strictly 
correct, is not the most helpful way to teach the topic of vec-
tors. A far better approach is to formally invoke components 
even when the vectors are one-dimensional. The y-component 
of Eq. (1) is

may  =  mgy – cvy .             (4)
Because downward is positive, we have gv = + g. (Presumably 
Hayes and Wittmann would agree that g is always positive, 
regardless of choice of axes. I find it curious that they do not 
treat other vectors in the same way.) Furthermore av  dvv /
dt, in contrast to Eq. (3). Making these two substitutions, Eq. 
(4) becomes a more explicit version of Eq. (1c),

               (5),y
y

dv
m mg cv

dt
= −

 
and components (unlike magnitudes) can be either negative 
or positive.

As a final note, many textbooks are careful about signs of 
one-dimensional vectors until they come to the treatment of 
collisions, where they may get sloppy. For example, Eq. (9.16) 
in Serway and Jewett4 really should be written as

  
1 1i 2 2i 1 1f 2 2fx x x xm v m v m v m v+ = +           (6)

instead of leaving off the x subscripts.
1.  K. Hayes and M. C. Wittmann, “The role of sign in students’ 

modeling of scalar equations,” Phys. Teach. 48, 246–249 (April 
2010).

2.  Technically quadratic drag would be a better model for a 
thrown ball than linear drag, but that’s not germane to the sign 
issues.

3.  On a related note, I prefer to always refer to v as speed and 
never as velocity (which is v), in contrast to what Hayes and 
Wittmann do in their article.

4.  R. A. Serway and J. W. Jewett, Physics for Scientists and Engi-
neers, 7th ed. (Thomson Brooks/Cole, Belmont CA, 2008).

Carl E. Mungan
Physics Dept., U.S. Naval Academy, 

mungan@usna.edu

Authors’ response
We thank the two writers for their comments, which indi-

cate the difficulty of dealing with letters in equations. These 

letters can represent functions, variables, parameters, and con-
stants—it’s no wonder that even experts see things differently.

Paetkau and Mungan assert that Max is correctly interpret-
ing the equation as a magnitude equation. It is notable that 
this discussion of his thinking is disconnected from his actual 
words—he does not use the vocabulary that we use to describe 
what he’s doing. The evidence we have is that he is inconsistent 
in his treatment of letters in equations. He never talks explic-
itly about a magnitude or a scalar equation, for example.

Both writers say that one can write F = –ma as long as one 
writes a = –dv/dt. We, and all the colleagues we have asked, 
find these definitions to be deeply problematic. The first 
violates Newton’s second law, the second the definition of ac-
celeration. We could find no textbooks supporting the writers’ 
claims, while our brief review of textbooks by Tipler, Cum-
mings et al., and others, supports our assertion that scalar 
equations can contain negatively valued variables. Magnitude 
equations are scalar equations, but scalar equations need not 
be magnitude equations. More to the point, we and the text-
books we consulted treat one-dimensional equations as equiv-
alent to component equations (though without the subscripts), 
as Mungan describes.

Our main point was not that Max was incorrect, at times, 
but that he was inconsistent. In conversations not presented in 
the paper due to length constraints, Max numerically solved 
for a negatively valued acceleration when asserting a positive 
number for velocity, and also asserted a positive value for the 
acceleration before trying to solve for the velocity. He accepted 
negative values and asserted positive values not just in the 
variables but also in the numbers.

Finally, Prof. Mungan asks why we do not treat all vectors 
like g, which he says is always positive. In simple kinematics 
questions, g is not treated as a (field) vector; it is a constant 
and constants are positive in physics (the CRC shows only one 
constant that is not). This is the most familiar situation for stu-
dents, at this stage in their career, and we do not expect them 
to think otherwise. Of course, the sign of g is fraught with 
complications: some say g is 9.8 m/s2 and one picks g or –g in 
an equation, while others say equations just have g, and we can 
pick the value to be 9.8 or –9.8 m/s2. We leave this discussion 
to our readers and their colleagues.
Kate M. Hayes, Bangor High School
Michael C. Wittmann, University of Maine

Editor’s Note: 
Peter Noerdlinger brought to our attention a relevant refer-
ence that was missed in the paper “Does Sea Level Change 
When a Floating Iceberg Melts?” by Boon Leong Lan [(Phys. 
Teach. 48, 328–329 (May 2010)]. Readers should see the fol-
lowing previously published paper:
 P. D. Noerdlinger and K. R. Brower, “The Melting of Floating Ice 

Raises the Ocean Level,” Geophys. J. Int. 170 (1), 145–150 (July 
2007).
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MY COMMENT:  I would never write F = –ma because both F and a are positive magnitudes. I agree with Hayes and Wittmann that we need to explain to students the difference between scalars like charge q (which can be positive or negative) and magnitudes like F (or of any other vector) which can only be positive.  -Carl
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