Formal Derivation of Centripetal Acceleration—C.E. Mungan, Fall 2001

Consider a particle executing uniform circular motion
(UCM). Place the origin at the center of the circular
trgectory of radiusr. The fact that the speed v is constant
means that the angle 0 that the position vector r makes
with the x-axis increases linearly with time, 6 O t. For
reasons that will be discussed in the chapter on rotations,
the constant of proportionality in this equation is called
the angular speed w (with units of rad/s), so that
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The position of the particle at some arbitrary timetis
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using Eqg. (1) inthe last step. One very powerful result

you can extract from thisis how to express the radial unit
vector in Cartesian coordinates,

~ T A~ A
I‘EﬂZCOSGI +sing|.

Please check (using Pythagoras' theorem) that the magnitude of this vector isin fact 1.

Next, to find the velocity, differentiate Eq. (2) with respect to time to get
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This can be compactly expressed in terms of the azimuthal unit vector é, but I will not pursue
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that here. Instead, | leave it as another exercise to take the magnitude of Eq. (4) to find the speed,
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Finally we get the acceleration by differentiating Eq. (4) with respect to time,
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By substituting Egs. (3) and (5) into this, one immediately sees that
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This says that the acceleration has magnitude v?/r and points toward the center of the circle

(i.e., in the negative radia direction), as we wished to prove.
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The four boxed relations above are extremely useful in physics and worth remembering. In

more advanced treatments, the above derivation can be generalized. First we can loosen the

restriction that the speed be constant by allowing wto be afunction of time. (Itstime derivative
is, not surprisingly, called the angular acceleration a and is related to the tangential acceleration,

aswe will seelater.) Finally, we can further generalize to arbitrary motion (not necessarily
circular) by also allowing r to be afunction of time; thisis one nice method of generating the

centrifugal and Coriolis accelerations in rotating frames of reference.



