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Abstract

In this paper we evaluate the instanton representation of Plebanski
gravity in the linearized limit. We demonstrate the reproduction of
gravitational waves in this limit, obtaining both massless spin-2 polar-
ization modes.
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1 Expansion about DeSitter spacetime

To demonstrate the existence of gravitationalwaves implied by the instanton
representation of Plebanski gravity, namely spin two modes, we will expand
the action in fluctuations about a fixed background solution. The starting
action, which is defined on the phase space ΩInst = (Ψae, A

a
i ), is given by

IInst =
∫
dt

∫

Σ
d3x

[
ΨaeB

i
eȦ

a
i + Aa

0we{Ψae}

+εijkN iBj
aB

k
e Ψae − iN(detB)1/2

√
detΨ

(
Λ + trΨ−1

)]
(1)

where the Gauss’ law constraint is

we{Ψae} = ve{Ψae}+
(
fabfδge + febgδaf

)
CbeΨfg (2)

with the vector fields ve = Bi
e∂i and the magentic helicity density matrix

Cbe = Aa
iB

i
e. The solutions arising from (1) will be characterized by the

algebraic classification of Ψae. For the purposes of this exposition we will
perform an expansion about DeSitter spacetime. This corresponds to a CDJ
matrix

(Ψae)O = − 3
Λ
δae, (3)

where Λ is the cosmological constant.1 Note that there is no restriction on
Aa

i other than the requirement that (detB) 6= 0.
Let us first evaluate the action (1) on this class of solutions by evaluating

each term. The Gauss’ law constraint is given by

Ga = ve{−(3/Λ)δae} +
(
fabfδge + febgδaf

)
Cbe(−(3/Λ)δfg) =

− 3
Λ

(
0 + (fabe + feba

)
Cbe = 0 (4)

on account of spatial homogeneity of Ψae and the antisymmetry of the struc-
ture constants. Note that this is the case far all Aa

i . For the diffeomorphism
constraint we have

1This falls within a class of spacetimes of Petrov Type O, where Ψae has three equal
eigenvalues and three linearly independent eigenvectors.
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Hi = εijkB
j
aB

k
e (−(3/Λ)δae) = − 3

Λ
εijkB

j
aB

k
a = 0 (5)

on account of antisymmetry. The Hamiltonian constraint is

Λ + trΨ−1 = Λ − Λ = 0 (6)

which is identically satisfied. On account of (4), (5) and (6), all terms in (1)
vanish with the exception of the first term.2 So what we are left with is

I0 = −
( 3

Λ

)∫
dt

∫

Σ
d3xδaeB

i
eȦ

a
i = −

( 3
Λ

)∫
dt
d

dt
ICS [A] = ICS [A], (7)

where ICS is the Chern–Simons functional of the connection A, given by

I0 = −
( 3

Λ

) ∫

Σ

[
A ∧ dA+

2
3
A ∧ A ∧A

]
. (8)

in the language of differential forms. The exponentiation of (7) in units of
~G gives

ψKod = e−3(~GΛ)−1ICS[A] (9)

which is the Kodama state.

1.1 Ingredients for perturbing the solution

Having verified that Petrov Type O spacetimes are a solution, let us now
introduce a perturbation εae, where |εae| << 3

Λ is small. Then the CDJ
matrix is given by

Ψae = − 3
Λ
δae − εae, (10)

where εae parametrizes the deviation from Type O. In conjunction with (10)
we will expand about a reference connection

Aa
i = δa

i a+ aa
i , (11)

2This is due purely to (11), which contains the information on the Petrov classification,
and is independent of the connection Aa

i .
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where |aa
i | << a, with a = a(t) some spatially homogeneous function of

time. The magnetic field for Aa
i is given by

Bi
a = εijk∂jA

a
k +

1
2
εijkfabcA

b
jA

c
k = a2δi

a − aai
a + εijk∂ja

a
k (12)

to first order in aa
i .

We will need to make use of a few preliminary results, starting with the
determinant

det
( 3

Λ
δae + εae

)

=
1
6
εabcεefg

( 27
Λ3
δaeδbfδcg +

27
Λ2
δaeδbf εcg +

9
Λ
δaeεbf εcg + εaeεbf εcg

=
27
Λ3

+
9
Λ2
δaeεae +

3
2Λ

(
δbfδcg − δcf δbg

)
εbf εcg +

1
6
εabcεefgεAeεbf εcg

=
27
Λ3

+
9
Λ2

trε+
3
2Λ

(
(trε)2 − trε2

)
+ detε, (13)

as well as the trace of the inverse

( 3
Λ
δae + εae

)−1
=

Λ
3

(
δae −

Λ
3
εae + . . .

)
. (14)

the dots signify terms of second order in εae, which will not be needed in
our analysis. It will be convenient to write the magnetic field (12) as

Bi
a = a2(δi

a + qi
a + . . .) (15)

where qi
a is of linear order in aa

i , given by

qi
a =

1
a2
εijk∂ja

a
k − 1

a2
ai

a. (16)

The following relations will be useful

detB =
a6

6
εijkε

abc
(
δi
aδ

j
bδ

k
c + 3δi

aδ
j
bq

k
c + . . .

)
= a6(1 + trq + . . .) (17)

for the determinant of B, as well as the magnetic helicity density matrix
Cae = Aa

iB
i
e, given by

Cae = (δa
i a + aa

i )(a
2δi

e + qi
e + . . . ) = a3δae + a2aa

e + aqa
e + . . . (18)
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1.2 Solving the linearized constraints

It will be convenient to first linearize the action (1) with respect to εae and
then with respect to aa

i . Substituting (10) into (2) and using (4), (5) and
(6), we have

IInst = I0 −
∫
dt

∫

Σ
d3x

[
εaeB

i
eȦ

a
i +Aa

0we{Ψae}

+εijkN iBj
aB

k
e εae + iN(detB)1/2

√
det

(
− 3

Λ
δae − εae

)(
Λ − tr

( 3
Λ
δae + εae

)−1)]
.(19)

We are now ready to solve the linearized constraints, which arise due to
the equations of motion for N i, Aa

0 and N in (19). First we start with the
diffeomorphism constraint, given by

εijkB
j
aB

k
e εae = 0, (20)

which is already linear in εae and implies that εae is symmetric. This is true
whether or not Aa

i is linearized, but we will neverthesless complete out the
linearization. Since (20) is already linear in εae, then we need only expand
Bi

a to zeroth order as in Bi
a = δi

aa
2 and substitute into (20).3 This yields

εijk(δj
aa

2)(δk
ea

2) = a4εiaeεae = 0, (21)

which is that εae is symmetric to linear order. Of course we knew this to be
the case for all orders.

Next we move on to the Gauss’ law constraint

Bi
e∂iεae +

(
fabfδge + febgδaf

)
Cbeεfg = 0, (22)

which as well is liner in εae. Therefore, for the linearized approximation
we must use Bi

a = δi
aa

2 + . . . and Cae = δaea
3 + . . . to zeroth order in aa

i .
Putting this into (22), we have

a2δi
e∂iεae +

(
fabfδge + febgδaf

)
a3δbeεfg

= a2∂eεae + a3fagf εfg = 0, (23)

where we have used the antisymmetry of the structure constants. The second
term of (23) vanishes on account of the symmetric of εae which we knew from

3This is because all terms containing products of εae with aa
i must be regarded as

second-order terms.
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the diffeomorphism constraint (21). Since a 6= 0 then the linearized Gauss’
law constraint reduces to

∂eεae = 0. (24)

Next is the Hamiltonian constraint, given by

(detB)1/2
√

detΨ(Λ + trΨ−1)

= (detB)1/2

√
det

(
− 3

Λ
δae − εae

)(
Λ − tr

( 3
Λ
δae + εae

)−1)
= 0. (25)

Since (detB) and (detΨ) are nonzero by assumption, then the Hamiltonian
constraint reduces to the vanishing of the rightmost terms of (25), which is

Λ −
(
Λ − Λ2

9
trε + . . .

)
= 0 (26)

where we have used (14). To linear order in εae, (27) reduces to

trε = 0. (27)

The deviation εae is traceless to linearized order, which is independent of
the connection Aa

i . For this reason it is pointless to linearlize (detB)1/2, but
it is also pointless to linearize

√
detΨ. Let us now summarize the results

obtained so far.
We have performed a linearization of the action for the instanton rep-

resentation of Plebanski gravity and from the linearized initial value con-
straints (diffeomorphism, Gauss’ law and Hamiltonian constraint respec-
tively), we have found that the deviation εae is symmetric, transverse and
traceless. This implies that εae corresponds to a massless spin two field to
linear order. Additionally, the initial value constraints to not impose any
restriction on the perturbation aa

i . In conjunction with the constraints one
must perform a gauge-fixing procedure, but we cannot gauge fix εae since
it already has two degrees of freedom. Therefore we must impose seven
gauge-fixing conditions on aa

i .
4

With only the Hamiltonian and diffeomorphism constraints, εae would
have five degrees of freedom, which corresponds to a massive spin two field.
Since gravitons are long-ranged particles they must be massless. Therefore
the effect of the Gauss’ law constraint must be to reduce the degrees of
freedom from finve to two, which allows for the existence of gravitational
radiation.

4And these conditions can apparently be chosen arbitrarily. One possible physical
principle for gauge-fixing aa

i could the the requirement that it be canonically conjugate to
εae.
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2 Graviton modes

We will now make contact from the previous results to the conventional
formalism, as is best seen in momentum space. Using a Fourier expansion
of εae, given by5

εae(x) =
1

(2π)3/2

∫
d3kφae(k)e

~k·~r, (28)

where ~k = (k1, k2, k3) is the wave vector of the gravitational wave, then the
Gauss’ law constraint is given by

φaeke = 0. (29)

The momentum space version of εae is given by

φae = (ef )aeϕf + (Ef)aeΨf




ϕ1 Ψ3 Ψ2

Ψ3 ϕ2 Ψ1

Ψ2 Ψ1 ϕ3


 ,

subject to the tracelessness condition ϕ1 + ϕ2 + ϕ3 = 0. We have used the
following basis of three by three matrices

εae1 =




0 0 0
0 0 −1
0 1 0


 ; εae2 =




0 0 −1
0 0 0
1 0 0


 ; εae3 =




0 −1 0
1 0 0
0 0 0


 ,

E1
ae =




0 0 0
0 0 1
0 1 0


 ; E2

ae =




0 0 1
0 0 0
1 0 0


 ; E3

ae =




0 1 0
1 0 0
0 0 0


 ,

e1ae =




1 0 0
0 0 0
0 0 0


 ; e2ae =




0 0 0
0 1 0
0 0 0


 ; e3ae =




0 0 0
0 0 0
0 0 1


 ,

which satisfy the orthogonality relations

〈
ef

∣∣eg
〉

=
∑

a,e

(ef )ae(eg)ea = δfg;

〈
Eα

∣∣Eβ
〉

=
∑

a,e

Eα
aeE

βea = 2δαβ;

〈
Eα

∣∣ef
〉

=
∑

a,e

Eα
ae(e

f )ea = 0. (30)

5We have omitted the time variation, since the initial value constraints are solved with
respect to a given spatial hypersurface Σt for each time t.
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with corresponding completeness relations

∑
εdaeεdbf +

∑

d

(ed)ae(ed)bf +
∑

α

Eα
aeE

bf
α = δb

aδ
f
e . (31)

The linearized Gauss’ law constraint can be written in matrix form



ϕ1 Ψ3 Ψ2

Ψ3 ϕ2 Ψ1

Ψ2 Ψ1 ϕ3







k1

k2

k3


 =




0
0
0


 .

This can be rewritten as



0 k3 k2

k3 0 k1

k2 k1 0







Ψ1

Ψ2

Ψ3


 = −



k1 0 0
0 k2 0
0 0 k3







ϕ1

ϕ2

ϕ3


 ,

which can be rephrased as the condition that the off-diagonal elements Ψf

be the image of the diagonal elements ϕf under a map

Ψf = Ĵg
fϕg, (32)

where Ĵg
f will play the role of the Gauss’ law propagator. Equation (32) in

matrix form is given by




Ψ1

Ψ2

Ψ3


 = −




0 k3 k2

k3 0 k1

k2 k1 0




−1 


k1 0 0
0 k2 0
0 0 k3







ϕ1

ϕ2

ϕ3


 .

This hinges upon the ability to invert the off-diagonal matrix of wave vectors.
This is given by




Ψ1

Ψ2

Ψ3


 = (2k1k2k3)−1




−k3
1 k1k

2
2 k2

3k1

k2
1k2 −k3

2 k2k
2
3

k2
3k1 k2

2k3 −k3
3






ϕ1

ϕ2

ϕ3


 .

whence one sees that we must have k1k2k3 6= 0, namely that the matrix of
wavevectors must be nondegenerate.

This solution contains two degrees of freedom per point and can be writ-
ten completely in terms of the traceless diagonal elements via the relation

φae =
(
(eg)ae + (Ef)aeĴ

g
f

)
ϕg ≡ (T̂ g)aeϕg. (33)

To make the physical content more apparent in terms of gravitation modes,
in making contact with the standard formalism, let us use a wave vector
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of the form ~k = (k1, 0, 0), which corresponds to a wave travelling in the x
direction of a Cartesian coordinate system. Since k2 = k3 = 0, then this
Ansatz violates the invertibility condition and Ĵg

f does not exist. Therefore
we must return to the original equation (29). For k2 = k3 = 0 this is given
in matrix form by




0 0 0
0 0 k1

0 k1 0







Ψ1

Ψ2

Ψ3


 = −



k1 0 0
0 0 0
0 0 0







ϕ1

ϕ2

ϕ3


 ,

which is the Gauss’ law constraint for a gravitational wave travelling in the
x direction. This yields the equations

0 = ϕ1k1; k3Ψ3 = 0; k1Ψ2 = 0, (34)

from which we have that ϕ1 = Ψ2 = Ψ3 = 0. But since εae is traceless with
ϕ1 = 0, then ϕ3 = −ϕ2. The deviation matrix is then of the form

(εae)x = ϕ




0 0 0
0 1 0
0 0 −1


+Ψ




0 0 0
0 0 1
0 1 0


 = ϕ

(
(e2)ae−(e3)ae

)
+Ψ(E1)ae.

We have obtained the two polarizations of a massless spin two field in
SO(3, C) language.

Similarly, for a gravitational wave propagating in the y direction we have
k3 = k1 = 0, which yields the solution

(εae)y = ϕ




1 0 0
0 0 0
0 0 −1


+Ψ




0 0 1
0 0 0
1 0 0


 = ϕ

(
(e1)ae−(e3)ae

)
+Ψ(E2)ae.

For a gravitational wave propagating in the z direction we have k1 = k2 = 0,
and the corresponding analysis yields

(εae)z = ϕ




1 0 0
0 −1 0
0 0 0


+Ψ




0 1 0
1 0 0
0 0 0


 = ϕ

(
(e1)ae−(e3)ae

)
+Ψ(E2)ae.

The end result is that we obtain the two expected polarizations of the grav-
itational wave.
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2.1 Contact with the standard formalism

We have obtained the massless spin two modes for the deviation matrix εae.
But one is typically more accustomed to thinking of gravitons in terms of
the spacetime metric gµν . The line element of four dimensional spacetime
M can always be written in terms of its 3+1 decomposition

ds2 = gµνdx
µdxν = −N2dt2 + hijω

i ⊗ ωj , (35)

where Nµ = (N,N i) are the lapse function and shift vector and we have
defined the one forms

ωi = dxi +N idt. (36)

Recall in the 3+1 formulation of GR that Nµ are gauge degrees of free-
dom which can be chosen arbitrarily. It must therefore be the case that the
physical degrees of freedom reside within the spatial 3-metric hij , and that
this is where the gravitational waves must reside. But the instanton repre-
sentation is a nonmetric description of gravity defined on the phase space
ΩInst = (Ψae, A

a
i ). The 3-metric6 is a derived quantity given by

hij = (detΨ)(Ψ−1Ψ−1)ae(B−1)a
i (B

−1)e
j(detB), (37)

where Ψae and Aa
i are solutions to the initial value constraints. Since these

constraints constrain only Ψae, which leaves the gauge-fixing to be performed
on Aa

i , it follows that the fundamental property of the metric must reside
within the physical degrees of freedom of Ψae. Let us construct hij for the
linearized case we have examined. Using

Ψae = − 3
Λ

(
δae +

Λ
3
εae

)
; Bi

a = a2(δi
a + qi

a), (38)

we have to linearized order that

detΨ = − 27
Λ3

− trε + . . . ; detB = a6(1 + trq + . . .). (39)

Now trε = 0 due to the linearized Hamiltonian constraint and trq = 0 can
be imposed by gauge-fixing.7 To linearized order we have

6And anything related to the metric, such as for example the self-dual two forms from
Plebanski’s original theory.

7This is the same as the condition δi
aaa

i = 0, namely that the fluctuation in the con-
nection is traceless.
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(Ψ−1Ψ−1)ae =
Λ2

9
(
δae − 2Λ

3
εae + . . . , (40)

and the 3-metric to linearized order, equation (37), is given by

hij = −
( 27

Λ3

)(Λ2

9

)(
δae − 2Λ

3
εae

) 1
a4

(δa
i − qa

i )(δe
j − qe

j )a
6

= −
(3a2

Λ

)(
δij −

(2Λ
3

)
εij − 2qij

)
. (41)

The 3-metric contains the deviation maatrix εae but now with spatial indices.
Since εae was shown to exhibit the two massless gravitaton modes, it then
follows that hij exhibits these modes as well. There is also a contribution,
to linear order, from qij , given by

qij =
1
a2
εimn∂majn +

1
2
aij . (42)

In the transverse–traceless gauge (e.g. symetric, traceless and transverse
connection), then qij forms a contribution to the physical degrees of free-
dom. We have used the condition trq = 0, which implies that ajn = anj

is symmetric and traceless. The remaining gauge fixing condition kiq
i
a = 0

which implies that kia
i
a = 0, must be put in by hand.

3 Discussion

The physical interpretation can also be seen in terms of the self-dual part
of the Weyl curvature ψae. The CDJ matrix in terms of this is given by

Ψ−1
ae = −Λ

3
δae + ψae (43)

where ψae is symmetric and traceless. It is more accurate to say that ψae

parametrizes the deviations, as we have seen from our linearized formalism.
But nevertheless ψae is related to εae through the relation

ψae =
Λ2

3

(
εae +

∞∑

n=1

(−1)n
(Λ

3

)n
εaak1

εak1
ak2

. . . εakn−1akn
εkne

)
. (44)

Since ψae encodes the algebraic classification of spacetime, then this brings
up the question as two what classification the gravitons fall into. Starting
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from a general solution to the linearized equations with respect to a wave
propagating along one of the coordinate axes

(εae) =



a b 0
b −a 0
0 0 0


 ,

the algebraic classification is determined by the eigenvalues. Using an or-
thogonal transformation to diagonalize the matrix8 we have




cosθ −sinθ 0
sinθ cosθ 0
0 0 1







a b 0
b −a 0
0 0 0







cosθ sinθ 0
−sinθ cosθ 0

0 0 1




=



acos2θ − bsin2θ bcos2θ − asin2θ 0
bcos2θ − asin2θ −(acos2θ − bsin2θ) 0

0 0 1




To diagonalize εae we must choose tan2θ = b
a , which implies that cos2θ =

a√
a2+b2

. Then the diagonal form is given by

(εae) =
√
a2 − b2




1 0 0
0 −1 0
0 0 0


 .

The spacetime described by this gravitational wave corresponds to Petrov
Type I, which is algebraically general since the three eigenvalues are unequal.
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