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Abstract

In this paper we evaluate the instanton representation of Plebanski
gravity in the linearized limit. We demonstrate the reproduction of
gravitational waves in this limit, obtaining both massless spin-2 polar-
ization modes.



1 Expansion about DeSitter spacetime

To demonstrate the existence of gravitational waves implied by the instanton
representation of Plebanski gravity, namely spin two modes, we will expand
the action in fluctuations about a fixed background solution. The starting
action, which is defined on the phase space Qrpst = (VUqe, A?), is given by

IInSt = /dt/ dslﬂ [\PaeBéA?‘FAgWe{\Ifae}
%
i NUB] BE W, — iN (detB)/2V/Aet® (A + tro )| ”

where the Gauss’ law constraint is

We{qjae} = Ve{\Ijae} + (fabfége + febgéaf)cbe\ljfg (2)

with the vector fields v, = B0; and the magentic helicity density matrix
Che = A%B!. The solutions arising from (1) will be characterized by the
algebraic classification of W,.. For the purposes of this exposition we will
perform an expansion about DeSitter spacetime. This corresponds to a CDJ
matrix

(Waco = —25 3)

A aes
where A is the cosmological constant.! Note that there is no restriction on
A? other than the requirement that (detB) # 0.
Let us first evaluate the action (1) on this class of solutions by evaluating
each term. The Gauss’ law constraint is given by

Ga = Ve{—(3/A)5ae} + (fabfége + febgdaf)cbe(_(3/A)5f9) =

3
_X (0 + (fabe + feba)cbe =0 (4)
on account of spatial homogeneity of W, and the antisymmetry of the struc-
ture constants. Note that this is the case far all A¢. For the diffeomorphism
constraint we have

IThis falls within a class of spacetimes of Petrov Type O, where U, has three equal
eigenvalues and three linearly independent eigenvectors.



Hy = BB (~(3/A)b) = — i BB = 0 )

on account of antisymmetry. The Hamiltonian constraint is

AttrI P =A—-A=0 (6)

which is identically satisfied. On account of (4), (5) and (6), all terms in (1)
vanish with the exception of the first term.? So what we are left with is

n=—(3) / dt /2 P BLAL = () / o Tos[4] = Iosl4), (7

where Icg is the Chern—Simons functional of the connection A, given by

I(]:—(%)/E[A/\dA—l—gA/\A/\A] (8)

in the language of differential forms. The exponentiation of (7) in units of
hG gives

wKod = e_s(hGA)71[CS[A] (9)

which is the Kodama state.

1.1 Ingredients for perturbing the solution

Having verified that Petrov Type O spacetimes are a solution, let us now
introduce a perturbation €,c, where |eqe| << 2 is small. Then the CDJ

matrix is given by

3
Woe = _Xéae — €qe; (10)

where €, parametrizes the deviation from Type O. In conjunction with (10)
we will expand about a reference connection

A¢ = 6¢a + al, (11)

2This is due purely to (11), which contains the information on the Petrov classification,
and is independent of the connection Aj.



where |af| << a, with a = a(t) some spatially homogeneous function of
time. The magnetic field for A? is given by

B! = e”kajAz §e”kfabcAb L= a252 — aay, + e”kajaz (12)
to first order in af.

We will need to make use of a few preliminary results, starting with the
determinant

det (é

A5ae + 6ae>

1 27 27
= éeabceefg <A3 5(165bf509 + A2 5a65bf€cg + A5 aec€bf€cqg T €ae€bf€cg

27 9

1
= F + Féaeeae + ﬂ (5bfécg - 5cf5bg)€bf€cg + éeabceefgeAeebfecg

219
= 43t patret

as well as the trace of the inverse

A ((tre) - trez) + dete, (13)

(%5{16‘1’&16)_1 = %(5% - %Eae'i'-")' (14)

the dots signify terms of second order in €4, which will not be needed in
our analysis. It will be convenient to write the magnetic field (12) as

B =d*(6L +q.+...) (15)
where ¢! is of linear order in a?, given by

1 1

i ijka. a i
Go = €700k = 50 (16)
The following relations will be useful
b
detB = Eewkea“(alafa’f F3088E + .. ) =adS (1 +trg+...) (17

for the determinant of B, as well as the magnetic helicity density matrix
Coe = A} B, given by

Coe = (0% + a) (a6 + ¢ +...) = 304 + aa® + aq® + . .. (18)



1.2 Solving the linearized constraints

It will be convenient to first linearize the action (1) with respect to €. and
then with respect to af. Substituting (10) into (2) and using (4), (5) and
(6), we have

Irnst = Io — /dt/ d3$ [EaeBéA? + Agwe{qjae}
b

o 3 3 -1
—I—eijkNZBngeae + iN(detB)l/z\/det <_X5ae - eae> (A - tr(XcSae + eae> >] .(19)
We are now ready to solve the linearized constraints, which arise due to
the equations of motion for N?, A% and N in (19). First we start with the
diffeomorphism constraint, given by

€ijkBIBY e = 0, (20)

which is already linear in €., and implies that €, is symmetric. This is true
whether or not Af is linearized, but we will neverthesless complete out the
linearization. Since (20) is already linear in €4e, then we need only expand
B! to zeroth order as in B! = §%a? and substitute into (20).% This yields

eijn(03a%)(0%a?) = a’€ine€ae = 0, (21)

which is that €, is symmetric to linear order. Of course we knew this to be
the case for all orders.
Next we move on to the Gauss’ law constraint

Béaieae + (fabfége + febgéaf)cbeefg =0, (22)

which as well is liner in €,.. Therefore, for the linearized approximation
we must use B}, = 52(12 + ... and C,e = 8400 + ... to zeroth order in ai.
Putting this into (22), we have

azééaieae + (fabfége + febgéaf)asébeefg
= azaeeae + asfangfg — 0, (23)

where we have used the antisymmetry of the structure constants. The second
term of (23) vanishes on account of the symmetric of €, which we knew from

3This is because all terms containing products of €ze with af must be regarded as
second-order terms.



the diffeomorphism constraint (21). Since a # 0 then the linearized Gauss’
law constraint reduces to

Oc€ae = 0. (24)
Next is the Hamiltonian constraint, given by
(detB)'/2\/det W (A + tr& )

_ (detB)l/z\/det<—%5ae —eae) (A - tr(%c?ae + eae>_1> —0.  (25)

Since (detB) and (det¥) are nonzero by assumption, then the Hamiltonian
constraint reduces to the vanishing of the rightmost terms of (25), which is

A2
A—(A—Ktre—l—...)zo (26)

where we have used (14). To linear order in €4, (27) reduces to

tre = 0. (27)

The deviation €, is traceless to linearized order, which is independent of
the connection A¢. For this reason it is pointless to linearlize (detB)Y/2, but
it is also pointless to linearize v/detW. Let us now summarize the results
obtained so far.

We have performed a linearization of the action for the instanton rep-
resentation of Plebanski gravity and from the linearized initial value con-
straints (diffeomorphism, Gauss’ law and Hamiltonian constraint respec-
tively), we have found that the deviation €, is symmetric, transverse and
traceless. This implies that €, corresponds to a massless spin two field to
linear order. Additionally, the initial value constraints to not impose any
restriction on the perturbation af. In conjunction with the constraints one
must perform a gauge-fixing procedure, but we cannot gauge fix €, since
it already has two degrees of freedom. Therefore we must impose seven
gauge-fixing conditions on a¢.t

With only the Hamiltonian and diffeomorphism constraints, €, would
have five degrees of freedom, which corresponds to a massive spin two field.
Since gravitons are long-ranged particles they must be massless. Therefore
the effect of the Gauss’ law constraint must be to reduce the degrees of
freedom from finve to two, which allows for the existence of gravitational
radiation.

4And these conditions can apparently be chosen arbitrarily. One possible physical
principle for gauge-fixing ai could the the requirement that it be canonically conjugate to

€ae-



2 Graviton modes

We will now make contact from the previous results to the conventional
formalism, as is best seen in momentum space. Using a Fourier expansion

of €ge, given by®

o) = @Tl)w / Bl o (k) F T (28)

where k = (K1, ko, k3) is the wave vector of the gravitational wave, then the
Gauss’ law constraint is given by

¢aeke =0. (29)

The momentum space version of €, is given by

o1 P3 Py
bae = (€ )acor + (EN)ae¥y | U3 9o Uy |,
Uy Wy 3

subject to the tracelessness condition @1 + wo + 3 = 0. We have used the
following basis of three by three matrices

00 0 00 —1 0 -1 0
€gel = 0 0 -1 ; €qe2 = 0 0 O ; €ge3 = 1 0 0],
01 0 10 0 0 0 0
000 001 10
El=(0o01]|; E2=[000|; EZ=|10 0|,
010 100 0 0
100 000 00 0
ek=o0oo0o0|;e.=[010]|;e.=[00 0],
000 000 00 1

which satisfy the orthogonality relations
<ef’eg> = Z(ef)ae(eg)ea = 5fg;
a,e
(¥|F%) = 3 i =25

(B*e!) => Eg(eH)* =0 (30)

SWe have omitted the time variation, since the initial value constraints are solved with
respect to a given spatial hypersurface 3; for each time t.



with corresponding completeness relations

> eaacears + Y (ea) (e )os + Y Ea B = 625, (31)
d «a

The linearized Gauss’ law constraint can be written in matrix form

p1 U3 Wy k1 0
U3 2 Wy ko | =10
Uy WUy 3 k3 0

This can be rewritten as

0 k3 ko Uy kt 0 0 1
k‘g 0 k‘l Uy = - 0 k2 0 ¥2 )
ke ki 0 U 0 0 k3 ©3

which can be rephrased as the condition that the off-diagonal elements W
be the image of the diagonal elements ¢ under a map

Uy = Jlp,, (32)

where j? will play the role of the Gauss’ law propagator. Equation (32) in
matrix form is given by

-1

Uy 0 ks ko k&t 0 O ©1
\Ifg = — k‘g 0 k‘l 0 k‘g 0 »2
\Ifg k‘g k‘l 0 0 0 k‘g Y3

This hinges upon the ability to invert the off-diagonal matrix of wave vectors.
This is given by

Uy —k‘% k1 k‘% k‘% k1 ©v1
Uy | = (2kikoks) ™ | kPko —K3  kok? ©o
Uy k3ki k3ks —k3 ©3

whence one sees that we must have kikoks # 0, namely that the matrix of
wavevectors must be nondegenerate.

This solution contains two degrees of freedom per point and can be writ-
ten completely in terms of the traceless diagonal elements via the relation

Pae = ((eg)ae + (Ef)aej?)‘:pg = (Tg)ae‘;pg- (33)

To make the physical content more apparent in terms of gravitation modes,
in making contact with the standard formalism, let us use a wave vector



of the form k = (k1,0,0), which corresponds to a wave travelling in the x
direction of a Cartesian coordinate system. Since ko = k3 = 0, then this
Ansatz violates the invertibility condition and J9 does not exist. Therefore
we must return to the original equation (29). For ko = k3 = 0 this is given
in matrix form by

0 0 0 Uy k‘l 0 0 (251
0 0 k‘l D) = — 0 0 O P2 s
0 k‘l 0 \Ifg 0 0 O Y3

which is the Gauss’ law constraint for a gravitational wave travelling in the
x direction. This yields the equations

0= (,le‘l; k‘g\lfg = 0; k‘l\Ifg = 0, (34)

from which we have that p; = Wy = U3 = 0. But since ¢,. is traceless with
p1 =0, then 3 = —po. The deviation matrix is then of the form

00 0 0 00
(a)e=9w| 0 1 0 |4+¥|[ 0 0 1 :@((ez)ae—(es)ae)—|—\IJ(E1)ae.
0 0 —1 010

We have obtained the two polarizations of a massless spin two field in
SO(3,C) language.

Similarly, for a gravitational wave propagating in the y direction we have
ks = k1 = 0, which yields the solution

10 0 00 1
(ae)y=0| 00 0 |+T| 0 0 0 | =0((e")ae—(€*)ac) +U(E?)ge.
00 —1 1 00

For a gravitational wave propagating in the z direction we have ky = ko = 0,
and the corresponding analysis yields

1 0 0 010
(ae):=¢ | 0 =1 0 |+ 1 0 0 | =¢((e")ae—(€*)aec) + U (E?)ge.
0 0 0 000

The end result is that we obtain the two expected polarizations of the grav-
itational wave.



2.1 Contact with the standard formalism

We have obtained the massless spin two modes for the deviation matrix €qe.
But one is typically more accustomed to thinking of gravitons in terms of
the spacetime metric g,,,. The line element of four dimensional spacetime
M can always be written in terms of its 3+1 decomposition

ds? = guyd‘,ﬂ#d:p” = —N2dt* + hijwi & wj, (35)

where N* = (N, N%) are the lapse function and shift vector and we have
defined the one forms

w' = dz' 4+ N'dt. (36)

Recall in the 3+1 formulation of GR that N* are gauge degrees of free-
dom which can be chosen arbitrarily. It must therefore be the case that the
physical degrees of freedom reside within the spatial 3-metric h;;, and that
this is where the gravitational waves must reside. But the instanton repre-
sentation is a nonmetric description of gravity defined on the phase space
Qrnst = (Vae, A2). The 3-metrict is a derived quantity given by

hij = (det®) (U1~ 1)*(B~#(B™)5(det B), (37)

where ¥, and AY are solutions to the initial value constraints. Since these
constraints constrain only ¥,., which leaves the gauge-fixing to be performed
on Af, it follows that the fundamental property of the metric must reside
within the physical degrees of freedom of W,.. Let us construct h;; for the
linearized case we have examined. Using

3 A i 20si | i
‘Ifae - _K (5% + geae>7 Ba =a (5a + qﬂ)’ (38)

we have to linearized order that

27
det\If:—F—tre—l—...; detB = a®(1 4+ trq +...). (39)

Now tre = 0 due to the linearized Hamiltonian constraint and trg = 0 can
be imposed by gauge-fixing.” To linearized order we have

6And anything related to the metric, such as for example the self-dual two forms from
Plebanski’s original theory.

"This is the same as the condition §%a? = 0, namely that the fluctuation in the con-
nection is traceless.



A? 2A
(Utg—tyee = 3(5% — ?eae +..., (40)

and the 3-metric to linearized order, equation (37), is given by

iy = = () () 07 = 2o L — )55 — )
—() 6 (P2 @

The 3-metric contains the deviation maatrix €,. but now with spatial indices.
Since €, was shown to exhibit the two massless gravitaton modes, it then
follows that h;; exhibits these modes as well. There is also a contribution,
to linear order, from ¢;;, given by

1 . 1

Qij = gelm" mQjin + 5%’;’- (42)
In the transverse-traceless gauge (e.g. symetric, traceless and transverse
connection), then ¢;; forms a contribution to the physical degrees of free-
dom. We have used the condition trg = 0, which implies that aj, = a,;
is symmetric and traceless. The remaining gauge fixing condition k;q’ = 0

which implies that k;a’, = 0, must be put in by hand.

3 Discussion

The physical interpretation can also be seen in terms of the self-dual part
of the Weyl curvature ¢,.. The CDJ matrix in terms of this is given by

_ A
\Ijael = _géae + ¢ae (43)
where 94 is symmetric and traceless. It is more accurate to say that ¥,

parametrizes the deviations, as we have seen from our linearized formalism.
But nevertheless 1., is related to €, through the relation

A2 AN
¢ae = ? <€ae + Z(_l) (g) Eaakl Eaklakz s Eaknf1akn Ekne> . (44)
n=1

Since 14 encodes the algebraic classification of spacetime, then this brings
up the question as two what classification the gravitons fall into. Starting

10



from a general solution to the linearized equations with respect to a wave
propagating along one of the coordinate axes

a b 0
(€ge) =1 b —a 0 |,
0O 0 O

the algebraic classification is determined by the eigenvalues. Using an or-
thogonal transformation to diagonalize the matrix® we have

cosf —sinf O a b 0 cosd sinf O
sinf cosf O b —a 0 —sinf cosf 0
0 0 1 0 0 O 0 0 1

acos26 — bsin20  bcos20 — asin260 0
= | bcos20 — asin20 —(acos26 — bsin26) 0
0 0 1

To diagonalize €, we must choose tan26 = 3, which implies that cos26 =

a

T Then the diagonal form is given by

1 0 0
(€ae) =Va2—-b21 0 -1 0
0 0 O

The spacetime described by this gravitational wave corresponds to Petrov
Type I, which is algebraically general since the three eigenvalues are unequal.
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