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Abstract

In this paper we provide a prescription for solving the initial value
constraints of GR for algebraically general spacetimes in the polar
representation. The prescription uses the Ashtekar magnetic field and
two eigenvalues of the CDJ matrix as inputs, and provides as an output
the SO(3,C) frame solving the Gauss’ law constraint, in the form of a
triplet of SO(3,C) angles. The two eigenvalues are the physical degrees
of freedom, which fix the third eigenvalue through the diffeomorphism
and Hamiltonian constraints. We provide two fixed point iteration
procedures for determining the angles, as well as an analysis of the
algebraically special cases.
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1 Introduction

The Gauss’ law constraint of general relativity G, is a triple of differential
equations signifying the invariance under internal SO(3,C) rotations. In
Paper VII we have applied this constraint to the rectangular representation
of the CDJ matrix which serves as the momentum space variable of the in-
stanton representation, thus reducing it by three degrees of freedom. In this
paper we chose the diagonal (anisotropy) elements as the physical degrees
of freedom, and used the Gauss’ law constraint to establish the shear (off-
diagonal symmetric) elements as images of the anisotropy elements under
the action of the Gauss’ law propagator jj‘?, seen as a map. It was found in
the rectangular represenation that the Hamiltonian constraint amounts to
a nonlinear relation amongst these degrees of freedom requiring an iterative
procedure in order to disentangle. But in the polar representation, it turns
out that the eigenvalues of the CDJ matrix more suitably characterize the
physical degrees of freedom of the instanton representation when one con-
siders the Hamiltonian constraint. So in the present paper we will in similar
fashion use the Gauss’ law constraint to establish a map from the eigen-
values to the corresponding nonphysical degrees of freedom. These latter
degrees of freedom are the parameters which define the SO(3,C) frame. In
both representations the propagator map requires some input based on the
choice of coordinates used for the inversion. This latter input is directly en-
coded in the choice of connection A, which is more fundamentally derived
from a triple of congruences of linearly independent integral curves 4 which
fill 3-space ¥. The tangent vector fields to these curves determine BY, which
can in turn be used to find A? (see e.g. Paper VI).

The outline of this paper is as follows. In section 2 we write the initial
value constraints in polar form starting from the Ashtekar variables. This
identifies Ay = (A1, A2, A2), the eigenvalues of W), as the physical degrees
of freedom. There are three unknowns, namely a triplet of SO(3,C) angles
5, which define a SO(3, C) frame where ¥, is annihilated by G,. In section
3 we provide a prescription for determining the angles g to first and second
order using the Gauss’ law constraint combined with equivalence of the
rectangular and polar representations of W,.. The degeneracy of eigenvalues
determines which angles are fixed by this prescription, which angles are
undetermined, and also the algebraic classification of the CDJ matrix. We
have associated this algebraic classification to the Petrov classification of the
corresponding spacetime. For algebraically general spacetimes there is no
obstruction to computing the angles to first order. In section 4 we provide
a fixed point iteration procedure to determine the angles to all orders, when
a solution exists. The solutions are labelled by two eigenvalues (A1, A2) and



4, the congruence of integral curves in ¥ whose tangent vectors v, = B.0;
are constructed from the Ashtekar magnetic field B.. Section 5 provides an
alternate iteration procedure by phrasing the Gauss’ law constraint directly
as a set of differential equations on the angles g.



2 Initial value constraints problem in polar form

The initial value constraints of general relativity take on a polynomial form
in the Ashtekar variables [3],[5]. The diffeomorphism constraint is given by

H; = e;jx09 BY =0, (1)

which signifies the invariance under spatial diffeomorphisms in ¥. The
Hamiltonian constraint signifies invariance under deformations normal to
> and is given by

A i e
H = geijke“bcaéaiaf + eijkeach;U{)Bf =0, (2)
where A is the cosmological constant. The Gauss’ law constraint, which
signifies invariance under left-handed SU(2)_ rotations on internal indices,

is given by

Gy = Dot = 0,5 + fucA%F =0, (3)

where fu. are the structure constants for the left-handed SU(2)_ algebra.?
The CDJ Ansatz [7]

5. =W,B! (4)

was introduced by Riccardo Capovilla, John Dell and Ted Jacobson as a
means for solving (1) and (2). The CDJ matrix ¥,. € SO(3,C) ® SO(3,C)
can be parametrized by its antisymmetric part aqe and its symmetric part
Age, which can in turn be parametrized by a polar decomposition,?

— —

Uge = Gge + Aae = €aeatla + Oap (0)A;OF. (D). (5)

Here, X = (A1, A2, A3) are the eigenvalues of Ay = ¥ (,e) and g is a SU(2) -
valued 3-vector, while Og € SO(3,C) implements a complex orthogonal
transformation parametrized by three complex angles 6 = (01,02,03). In
exponential form this is given by O = €7, where T are SO(3) generators
satisfying the Lie algebra

'For notational purposes, we will frequently refer to the Gauss’ law constraint as G,
and to the Hamiltonian and diffeomorphism constraints as H, = (H, H;).

2This requires the existence of three linearly independent eigenvectors so that the
symmetric part ¥, is diagonalizable.



[Ta,TB] =ieapcTc. (6)

Under (4), the diffeomorphism constraint (1) yields

H; = ¢, BIB¥V,. = ¢,;1.BIB¥(€qeatha + Nae) =0 V z, (7)

which implies that 1)y = 0, or that CDJ matrix is symmetric Wo, = ¥ 4.
For nondegenerate B! (7) reduces to

Ez’jkBngeaedwd = (detB)(B_l)?¢d = 07 (8)

which implies that ¥4 = 0.
Substitution of (4) reduces (2) to

H = (detB)(%Var\I/ + Adet¥) =0 Vz 9)

where we have defined Var¥ = (tr®¥)? — tr¥2. Substitution of (5) into (9)
upon dividing by detB # 0, which requires nondegeneracy of B!, yields

H= %Var(/\ae) + Adet(Ohae) + (Ao — Gue)thathe = 0. (10)

The first two terms of (10) can be rewritten explicitly in terms of the eigen-
values of Ay due to the cyclic property of the trace, yielding

H = (MA2 4+ AaAs + A3A1) + A Aads
—I—(AOafOef)\f — ge)qthe = 0. (11)

Therefore, on the space of solutions to the diffeomorphism constraint for
nondegenerate B!, the terms in (11) quadratic in 1)y vanish and all ref-
erence to the SO(3,C) angles 0 become eliminated from the Hamiltonian
constraint. Equation (10) then simplifies to the following algebraic relation

—

amongst the eigenvalues A

1 1 1 A1 A2
Ad b b= =03 Ag = — .
AW W 0—=2 (A)\l)\2+)\1+)\2)

12
A1 A2 A3 (12)

Hence for Ay # 0 (12) fixes one eigenvalue A3 completely in terms of the
remaining two eigenvalues \; and Ay, which is independent of B:.3

3We will ascribe to A1 and \a the interpretation of the physical degrees of freedom of
the momentum part of the phase space of GR.



While the SO(3, C) angles § have been eliminated from the Hamiltonian
constraint on solutions to H; = 0, we will see that they appear explicitly in
the Gauss’ law constraint G,. Therefore GG, will be regarded as a condition
using eigenvalues Ay satisfying (12) and the connection A{ as inputs to fix
5, which defines an equivalence class of SO(3,C) frames. The eigenvalues
Ay must then be rotated from the intrinsic frame where g = 0 into the frame
where V,. becomes annihilated by the Gauss’ law constraint. This frame,
fixed by the correctly chosen 5, should correspond to the solution of the
initial value constraints.

Upon substitution of (4) into (3) we have

Dot = W,.D; B! + B! D;V,, = B'D;¥,,, (13)

where we have used the Bianchi identity D; BY = 0. This leaves remaining
the action of the covariant derivative on the C'DJ matrix, which takes its
values in the tensor representation of SU(2)_

Di\Ilae = ai\I/ae + fabcA?\Ilce + \I/acA?febc- (14)

Defining vector fields v, = B.9; and the ‘helicity density matrix’ Cp, =
AbB! the Gauss’ law constraint then reduces to

We{\I/ae} = BéDi\Ilae = Ve{\Ilae} + (fabf‘sge + febg(saf)cbe\yfg =0. (15)

Unlike H,, which are algebraic, G, are a set of differential equations which
can be written in the form

We{)‘f(e_e‘T)fa(e_e‘T)fe} =0. (16)

From (7) and (12) we have obtained a two parameter family of solutions
to H, = (H, H;) per point labelled by A\; and A2 in the polar representation
of ¥ye. Recall that O = €T, where T are the generators and § = (6, 62,0%)
are a set of complex rotation parameters. Hence given

M 00 )
b =O0ac(@) | 0 Xy 0 OF(0)
0 0 X3

ef

where A1, Ay and A3 are related by (12), we must implement the Gauss’
law constraint. Equation (16) is a set of three coupled nonlinear first order
differential equations for the three angles 5, one equation for each index
a. The solution to these differential equations is an outstanding problem,



which constitutes the last remaining obstacle to the construction of a general

solution to the initial value constraints of general relativity [8], [9]. In this

paper we will provide a prescription for obtaining the SO(3,C) angles g.
The CDJ matrix can be parametrized in the rectangular form

Woe = ethce('lDf + E({e\IIﬂ (17)
where e{; and nge form a basis of diagonal and off-diagonal symmetric 3 by
3 matrices. We have shown in Paper VII using the Cartesian representation
that the solution of G, establishes a map ¢ — \I_}[cﬁ] from the anisotropy to
the shear elements, reducing ¥,. by three degrees of freedom. In this basis
the Gauss’ law constraint is given by

We{Vue} = e{;we{gof} + Egewe{\l’f} =0. (18)

which can be written explicitly in matrix form

vi—Cps  —Cs Cas P1
Cs1 vo—Cpy  —Cis ©2
—Co Cr2 vs — Cpy ©3
vo + C13 — 203 Co2 — Cs3 v3 + 2Cy — Ci2 Uy
+ Vi + 2C32 — C23 V3 + C21 - 2C12 033 — 011 \Ifl =0
Ci1 — O v +2C13 — C31 vi+ C3p — 2053 Wy

where Clgp = Cap — Cpa- In paper VII it is shown how the above operator-
valued matrix equation can be formally inverted to yield

V= jj?(Pg = _(Ec]:ewe)_legdwd{@g}- (19)

j}? defines the propagator from the anisotropy to the shear subspace, using
the former as a source term and the connection A{ as an input. Hence
@y can be regarded as the physical degrees of freedom analogously to the
eigenvalues \;. For integrable configurations A{ the propagator J Jg is well-

defined. For other configurations, J ]‘Z is path-dependent. Irrespective of the
issue of integrability, part of the results of this paper will be to provide the
map ¢ — X along with its physical interpretation, which should correspond
to a solution to the Gauss’ law constraint.*

4For certain configurations this solution is well-defined and for other configurations it
is not well-defined.



2.1 Physical interpretation of the SO(3,(C) frame

Define 4 as the congruences of the integral curves of three vector fields vy,
vy and v3, which are linearly independent at each point © € 3. The vector
fields v, define three internal directions at each point, and are independent
of coordinates as is 43, and we will regard 7 as the fundamental structure
of 3-space . Choose coordinates 2! = (2!, 22, 23), and define the three by

three matrix BY, given by

B! = v, {z'}. (20)

The columns of B!, seen as a three by three matrix, define three directions
in 3-space X. Associate the spatial index 7 to vector components in a spatial
manifold 3, and associate the index a to vector components in an internal
SO(3,C) manifold. Let us place indices ¢ and a on the same footing and
split B into its symmetric and its antisymmetric parts

Tz ¢ b 0 w v
B, = c y a |+ —w 0 wu
b a =z —v —u 0

The symmetric part Bq;) = %(Bm- + Bj,) defines a triple of column 3-vectors

Sq with components i, labelled by the internal index a. Seen as a triple of row
vectors s} in internal space with components a and labelled by the spatial
index ¢, B! defines the same triple

x c b
_ ! _ I _ .
= c =s],80=| Yy | =sy, 83=| a | =s;3.
b a z

Hence, the axes defined by B, with respect to the 3-manifolds ¥ and
SO(3,C) are the same. There are six degrees of freedom in B(,;), three
D.O.F. fix the relative scaling of the axes, and the other three D.O.F. fix
their orientation.

The antisymmetric part B[M-} = %(Bm- — Bij,) also determines a triple
of vectors, seen either as spatial column vectors a, labelled by the internal
index a or as internal row vectors a} labelled by the spatial index 4

0 w )
a; = —w , A2 = 0 , Az = (3 )
—v —u 0

0 —w —v

! ! I
a=| w |, a= 0 ,as3= | —u
) u 0



Whereas for By there is no distinction between s and s', for By, the
vectors a and a’ differ by a reflection. So an arbitrary three by three matrix
B! defines two coordinate systems, s = (s1,s2,s3) and a = +(aj,a, a3).
The effect of applying a SO(3,C) transformation to B!

By = (¢"T)ac B, (21)
is to rotate the internal index e. If B! is taken to be a magnetic field then

this rotation, which is a SO(3,C) gauge transformation, rotates s and a by
an amount encoding the existence of a SO(3,C) frame labelled by 6.5

5The identification of B! as a magnetic field is equivalent to the existence of a connec-
tion A{ for which By satisfies the Bianchi identity D;B, = 0.



3 General solution for the SO(3,C) angles

We have shown on the diffeomorphism constraint shell that the SO(3,C)
angles g become eliminated from the Hamiltonian constraint H which then
depends only on the eigenvalues X of U (qe)- But it is clear that 7] explicitly
appear in the Gauss constraint G,. Our interpretation is to view G, not as a
condition on )\ but rather a condition that fixes § once the physmal degrees
of freedom have been specified. We will regard the eigenvalues X as the
physical degrees of freedom, in a similar way that ¢ are the physical D.O.F.
in relation to ¥ in the Cartesian representation of W, in (18). Therefore, to
have a solution to the initial value constraints in the polar representation,
one may to establish a map ¢ — X from the anisotropy elements of W,
to the eigenvalues. As we will see, this process when convergent fixes the
angles 0 which in turn identifies an equivalence class of SO(3,C) frames
corresponding to each Af.

The angles g may be interpreted as the parameters of a SO(3,C') trans-
formation of the diagonal matrix of eigenvalues Diag(A1, A2, A3) into a new
frame. This is given by

Wae = (eelT)af)‘f(e_e'T)fe’ (22)

Expanding out the commutators in (22), we have

W%:%&+WT@@4+%@ZWT@J$+W. (23)

where (T'4)qe = €4qe are the generators of SO(3). The zeroth order term of
(23) is given by Age = dgeAe. The linear term is given by

[5 T7 60,6)\6] = HA((TA)ae)\e - )\a(TA)ae) = HA(TA)ae()\e - )\a)- (24)

The second order term of (23) is given by

0T 10- T, 0]
= %HBHA (TB)ag(Ta)se(Xe = Ag) = (TB)ag(Af — )\a)(TA)fe]

1
= geBHA(TB)af(TA)fe(/\e —2Xf + Ag). (25)

The n'" order term is given by



1
meAleAz 08 (T4 ) aay (Tay)ayas
n

o (TAnfl )aananfl (TAn)an—lan(Sane Z(_]‘)kog)\ak ’ (26)
k=0

where C7 = n!/k!(n—k)!. To prove this we will use mathematical induction.
First make the following definition for the product of generators

(TA1A2...An)aan = (TA1)aa1 (TAz)CuCLQ s (TAnfl)aananfl (TAn)anflan' (27)

In order to compute the n+1*" term we will need to evaluate the commutator

[0AT 4, T4, 4,..4,]. Note from (26) that the n'" term can be written as

TAIAZ---AnflAn (C(TJL)‘IH - C{L)‘az + Cg)‘a:’, e (_1)k01?)\ak+1 +o. (_1)an—l)‘an>
= Taag s (C8Aaz = ClNay + Ch Ay =+ (1) ClAagy + o (“1)"Cii Aay ) (28)

where we have relabelled the dummy indices to start from A, vice A;. To
obtain the commutator, subtract the left-multiplication of the the right hand
side of (28) by (T, )aa, from the right-multiplication of the left hand side
by (TAn+1)anan+1a obtaining

[HATA,TAlAQ___An (chm — Oy + CF gy — oo (—1)FCPAay, + ...(—1)"0}}_1)\%)]
= (Tay)aas (T'az)aras (Tag)asas - - - (Ta,)an—100 (Lhnis Janansa

(CAas = Ay + CF Ay = Chay + o (1 CP Ay o (1) ClyDara )
—(Tay)aas (Taz)aras (Tas)asas - - - (Tan)an—ran (TAni1 anansa

(CNaz = Cl Ay + C3Aay = o (1 CP Ay + - (1) Ci iAo )

n n+1
= (TAlAz---An+1) Z(_l)k(clg—l + CI?))‘akJA =TAy Az Ay Z(_l)kcl?—i_l)‘ak (29)
k=0 k=0

where we have defined C}' = 0 for £ < 0 and have used the identity C7'_; +
Cp = C,?H. Contraction with #41942 ... 94ng4n+1 and dividing by (n + 1)!
provides the desired result. Hence we have a prescription for evaluating the
expansion to any order desired. The full expansion of the CDJ matrix is
given by

ae 5(16/\ + GA(TA)ae()\e - >\a)

[e%} N N
+> %HGA" I (Tan)am- 1amz 1)"CY Aa,, (30)

N=2"" " k=1 m=1

10



where the remainder term contains terms of second order and higher.

To establish the map from the shear elements W, to the angles 0 we
must equate the polar representation of W, to its Cartesian representation.
Hence we must solve the relation

\I’ae = (ee'T)abAb(e_eiT)be = ege@f + Ez{e\IIf' (31)

The Gauss’ law constraint in the Cartesian representation given by (18),
with solution (19) which implies the following form for ¥,

\Ijlle = (ege + Etjzce']]g)cpg = Tge(pfb (32)
where j}] = —(M~1),H,y is the Gauss’ law propagator acting on the di-
agonal CDJ matrix elements ¢;. We will show in this paper that subject
to (32), equation (31) saturates the degrees of freedom in 64, which corre-
sponds to the choice of a SO(3, C) frame where the constraints are satisfied.
The polar representation of the CDJ matrix W, . can then be seen as a rota-
tion from the diagonal frame of eigenvalues into this SO(3,C') frame where
it becomes annihilated by the Gauss’ law constraint. We would like to ex-
press 64 as a functional of A; and \g, as well as the configuration chosen for
the Ashtekar connection A¢. Equation (31) may be written

A 03(\a — A1) 62(A1 — Ag)
03(N\a — A1) A2 0'(\s — X)) | +...=
02(\1 — A3) 01(A3 — \o) A3

o1 J5ea JSpa

J3va P2 J{Pa

Jél Pa Jil Pa ¥3
where the dots denote all terms of second order and higher. The zeroth
order term is independent of the angles 84 = 6{(‘)), which implies gpgo) = A
for ¢« = 1,2,3. The result is that to zeroth order, one may equate the

diagonal CDJ matrix elements to the eigenvalues. The following relation
ensues to first order

(s — A0l = J{ Ay (A= Aa)03y = JAp (Mg = M)OFy = JIAp. (33)
When the eigenvalues are unequal A\; # Ao # A3, then one may divide (33)

by the eigenvalue differences. Then the shear CDJ matrix elements, which
are symmetric, provide the first nontrivial approximation to the angles 64

11



1 N

where I, = |€qpe| is an even version of the epsilon symbol. Before proceed-
ing with the recursion relation for 6 let us first treat the situations where
the eigenvalues are equal, such that (34) cannot be written from (33).

3.1 Algebraic classification of the CDJ matrix

One way to organize the solutions to the initial value constraints is accord-
ing the algebraic classification of the CDJ matrix ¥,.. Knowledge of the
eigenvalues of the Weyl curvature tensor for a spacetime determines the
range of possibilities for its algebraic classification, up to knowledge of its
eigenvectors. Define the CDJ matrix by

A
Wol = =3 0ac + e, (35)

where 1,4, is symmetric and traceless in its indices. Now define a triple of
objects n9% z, which form an isomorphism between internal internal SO(3, C)
indices a = (1,2,3) and unprimed SL(2,C) spinorial index pairs AB =
(00,01,11). Then the traceless part of U ! can be written in the form

Tpae = nanneCDTZJABCDa (36)

where Yapcp = Y(apcp), which is totally symmetric in its indices. If we
take ¥ apop to be the spinorial decomposition of Weyl, the antiself-dual
part of the Weyl curvature tensor, then .. contains the right number of
degrees of freedom to represent Weyl in SO(3,C) language. When diago-
nalizable, the left and right hand sides of (35) can be diagonalized by the
same SO(3,C) transformation

(e(57) = Fooe + X506 (37)

with no summation over f. In (37) )\’f are the eigenvalues of ¢, and \; are
the eigenvalues of W,.. The association of ¥, to Weyl then implies that
the algebraic classification of spacetime is also encoded in ¥, in SO(3,C)
language. The Hamiltonian constraint can be solved point by point in X to
furnish the eigenvalues A1, Ao and A3 of ¥, of which according to (12) two
independent ones A1 and Ay are freely specifiable. From (37) it is clear that
the eigenvalues of ¥ apcp and of W, are directly related. The multiplicity

12



of the eigenvalues of Y apcp is also freely specifiable which in turn deter-
mines the Petrov type within a given class, up to the number of linearly
independent eigenvectors. So by solving the Hamiltonian constraint, one
narrows down the possibilities to (I, D,0), (II,N) or II1.

However, more information is needed in order to uniquely fix the space-
time. In addition to the eigenvalues one must also know the number of lin-
early independent eigenvectors, then one can construct a solution. For any
triple of eigenvalues s there exist an infinite number of SO(3,C) frames
(22) to transform into. However, only certain frames correspond to a GR
solution, which is the purpose of the Gauss’ law constraint to determine.
One the angles g are found, then Weyl be explicitly constructed using (36)
and (35). It is then a simple matter to deduce the algebraic type of the
spacetime by finding the eigenvectors of V.

3.2 Algebraically special case with one distinct eigenvalue of
the CDJ matrix

In this case all three eigenvalues equal Ay = Ao = A3. This corresponds
to spacetimes of type O (three distinct eigenvectors), type N (two dis-
tinct eigenvectors) and type III (one distinct eigenvector). According to
the Hamiltonian constraint,

3 3
LHA=0 A= F (38)

Since all three eigenvalues are equal, the eigenvalue differences are given by

AM—A=X—A3=A3—A; =0. (39)

According to the general iterative procedure for Ay = Ay = A3, the angles to
first order must satisfy

Lase(Xe = M)0(3) = ThA . (40)

But the left hand side of (40) vanishes on account of the equality of the
eigenvalues, which means that 9?1) cannot be determined using the iteration

procedure. The right hand side of (40) is given by

20y = (Ebywy) ™ (cSgwe)py. (41)

Note that when one sets ¢, = A4, as required for the zeroth order of iteration,
that (eg,wc)p, vanishes. This can clearly be seen in matrix form from the

13



anisotropy contribution to the Gauss’ law constraint upon setting ¢, = Ay =
A forg=1,2,3

vi—Clps  —Cs Cas A1 V1AL 0
Cs1 vo—Cpy  —Ci3 A= ve | = O
—Cy Chrz vz — Clig) A1 V3A1 0

Note, due to the definition Clge) = Cype — Ceq that the contributions due to
the magnetic helicity density matrix Cp cancel out, leaving voA = BLO;\ =
0 Va. Multiplication by (B~1)% yields 9;A; = 0 for i = 1,2, 3 since B, is non-
degenerate, or that the single eigenvalue \; to linearized order is spatially
homogeneous. Hence based on G, alone, \; = Ay = A3 = ¥(¢), correspond-
ing to arbitrary 6. Then W, is the isotropic CDJ matrix W, = 4.V, where
U = U(¢) is an arbitrary function of time, independent of position in X.
Consistency with the Hamiltonian constraint then requires that WU(t) = —%
as in (38), which is a numerical constant.

It follows that 9?1) is undetermined by the Gauss’ law constraint in this

case. Since the angles § are undetermined at linearized level, the SO(3,C)
rotation matrix Oge(f) € SO(3,C) is also undetermined. This indetermi-
nacy should be preserved to all orders of the iteration procedure which we
will describe, implying that all SO(3,C) frames provide a solution, and
are equivalent. This yields three sets of possibilities forming the equiva-
lence classes of spacetimes for this case. A nondegenerate O, contains of
three linearly independent eigenvectors, which corresponds to Petrov type
O. When O, contains either two or one linearly independent eigenvectors,

one should expect spacetimes of types N or I respectively.

3.3 Algebraically special case with two distinct eigenvalues
of the CDJ matrix

In this case \y = Ay # A3. According to the Hamiltonian constraint, we
have

2 1 A1
— 4+ A=0—N3=———). 42
)\1+)\3+ 0 3 (/\1A+2> ( )

The eigenvalue differences are given by

)\1A+3>'

)\3—)\1:)\3—)\2:—)\1(m

Therefore, for the angles g at linearized level we have

14



9?1) Arbitrary;

oy =5 (33 a) |G+ D = R (5|

A \MA+3 MA+2
1 /MA+2 A N N )
2 _ (M 1 2 _ 33 1

One angle 9?1) is undetermined to first order. While there are two distinct
eigenvalues in this case, all three eigenvalues are fixed by A\; through (42).

To first order, 3 is arbitrary and (0!,0?) are determined by A;. Upon
application of the iteration to the next and to all orders, the angles 6 should
have the following functional dependence

—

0 = 0163 M\, A]. (45)

Evidently, the angles depend upon two degrees of freedom not counting the
connection, which implies that ¥, = \I/ae[H?l);)\l,Aﬂ also inherits those
degrees of freedom.

Since B! is freely specifiable, then one should in general have A3 #
A1, which restricts the number of linearly independent eigenvectors to 2
or 3. All freedom has been exhausted with the exception of 63, which is
freely specifiable. A choice of 8% corresponding to three linearly independent
eigenvectors should then take on the interpretation of type D spacetimes,
while two linearly independent eigenvectors should yield type I1.

3.4 Algebraically general spacetimes with three distinct eigen-
values

Algebraically general spacetimes, spacetimes of type I, have three distinct
eigenvalues A1 # Ay # A3 for the CDJ matrix ¥,. and correspondingly three
distinct eigenvectors. The Hamiltonian constraint for this case is given by

— 4 —+—+A=0, (46)

which furnishes A3 as a function of A\; and Ay

AlAQ
= — . 47
>\3 ([\)\1)\2 + )\1 + )\2> ( )

The eigenvalue differences are given by

15



AN +24 3 Adg + 24 22
Ag—A1:—<—A ; f?); Ag—A2:—<—A ; il>, (48)
+xt +xt

and the SO(3,C) angles to first order are given by

A4+ 4+LENT. . .

9(11) = <—/\1 Af ) |:J11)\1 + JP Ao — Jf’(ill T )}
AN +2+ 32 A+L+ L
A4+ LENT. . .

9(21) = _<—A1 Af )[J21A1+J22>\2—J§<711 T )}
Ao +2+ 2 A+L+ L

1 . . . 1
03 = —(——— [Jl)\ + J2) —J3<7>]. 49
1) <)\1_)\2> 371 312 3 A_i_)\_ll_’_)\iz (49)

All three angles can be found to first order, hence for Type I spacetimes
it should in principle be possible to continue the iteration to all orders, for
each configuration A?.ﬁ

3.5 [Iteration to second order for the algebraically general
case

For the algebraically general case, as a result of A\; # Ay # A3, the next step
is to iterate the solution for 6 to the next order. To linearized order we have

1 A
a f
9(1) — Iabc<)\c — Ab)z]a Af (50)

We will now evaluate the second order solution, incorporating the remainder
term to this order. Recall from (25) that this is given by

1
R = 5070 (Tp)ap(Ta) re(Ne = 2Xs + Aa). (51)
We need to compute the elements of the matrix corresponding (51) to sec-
ond order. An efficient way is to draw a lattice, with all indices arranged
along the horizontal and a duplicate set along the vertical axis. Then one

5The configuration B! are derived objects from v, upon the choice of a coordinate
system :ci, via the relations Bfl = va{xi}. The vector fields v, are tangent to the set
of (linearly independent) triples of congruences of integral curves ¥4, which fill 3-space
3. Since we regard ¥ as fundamental structure, then the SO(3, C) angles are functionals
6= g[Al, A2; 9] of the eigenvalues and the integral curves 7.
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tabulates the trivial and nontrivial contributions due to epsilon symbols for
each possible pair, for a given starting symmetry.

Using this scheme, one deduces from (51) that for the diagonal terms
a = e, only the B = A terms contribute while the B # A terms vanish.
Likewise, for the off-diagonal terms a # e one finds that it is now the A # B
terms which contribute with the A = B terms vanishing. Hence, an easy
way to visualize the interaction amongst the indices is that (A, B) mimic
the symmetries of (a,e).” Writing out the terms for explictness, one has for
the diagonal terms that

a=e=3 — 9191()\2 — )\3) + 9292()\1 — )\3);
a=e=2— 9393()\1 — )\2) + 9191()\3 — )\2);
a=e=1-— 0% 03— \) + 6303y — \)), (52)

and for the off-diagonal terms that
a=1; e=2— 0102\ + Ny — 2)3);

a=2, e=3— 0293()\2 + A3 —2)\1);
a=3 e=1— 00"z + X\ —2X2). (53)

We will need to solve the equation

Sae(Ne + €crg0709(Ng — X)) + a0 (Mo — Ao)

1 .
+§Ifa€9a96(/\a + )‘6 - 2)‘f) = etjzre('pf + Etjzce‘]}i(pd' (54)

Hence, one has for the zeroth order term that

PP = A (55)

Then, one substitutes (55) to find the shear elements, which gives Hé)

1 .
o) = [A“(m) JEA. (56)

We must now compute the new anisotropy elements to this order

P = BacNe + ecggb(1y01) (g = Ae)). (57)

"This observation is useful, particularly when computing the higher order terms by
hand.

17



Let us show a sample calculation for illustrative purposes

(1) _ LoN2 oy vsay (1 N
o _>\1+<)\1_)\3) (A3 — A1) <A1—A2> (A1 — o) JEA,

- (51” (Agi)\l)jg - ()\1 i AQ)j??)A“' (58)

Note that there has been a cancellation of one factor of the eigenvalue dif-
ferences from the denominator. In shorthand notation, the general term is
given by

1 1 Se
(;050) — (5]06 —Edgf<r)\g)z]f)>\e. (59)
Moving on to the error terms, we have
EY) = Lipc05)05) (A + Ac — 27a). (60)

Putting in the expression from (56), this yields

1 Ap+ A — 2A ap oa
EW = — T, bT Ze “7a JITIN N, 61
a 21 b (()\c_)\a)()\a_)\b) % b e N Ag ( )

Hence, to obtain the second order solution we must solve the equation

1 M+ Ae — 2\ o .
Lupe0{yy(Ae = M) + 51, b(,,(( b > ST doaag = Jel.

217 Ae — Aa)(Ag — A
A 2 f:9
(62)
The angles are given by
1 .
a _ f
0(1) = Lape ()\c — )\b) ']a /\f (63)
to first order, and to second order by
1 - 1 .
a f _ - e
@) IabC<Ac — )\b> Ta e Edgf(Ad — A)Jf)Ae
A+ Ae — 2, > Sf s
—Lape S TINe A |- 64
’ (()‘c_)\a)()‘a_)\b) % b f g] ( )

For integrable configurations A{ the process can be repeated iteratively to
arbitrarily high order, which should lead to a solution to the initial value
constraints of GR to the chosen order.
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4 Fixed point iteration for the SO(3,(C) angles

We will now derive a recursion relation to find the angles to any desired
order, starting from eigenvalues A; and the Ashtekar connection A;‘.g The
projections into anisotropy and shear subspaces are given, respectively, by
pf = €W and ¥y = B¢ Wq. At the same time, Uy = U ;[J] constitutes
a map between these subspaces under the Gauss’ law constraint, which we
require to be preserved at each order of the iteration. Let the full solution
to all orders be given by

- o

Ve = )‘aE[Xa ga] = (ee[xéa}.T)ab)\b(e_e[)HBa}.T)be? (65)

which is a functional of A and A¢. Then (65) must be annihilated by the
Gauss’ law constraint in the sense of (18) and (19), such that

Wy = Bf WaclX, Af] = € J]Wac [, A7) = J{ 0. (66)

The effect of this is to establish a map ¢ — W¢[7].
Hence, we set up a recursion as follows. The CDJ matrix can be written,
at the level prior to implementation of the Gauss’ law constraint, as

\Ilae = (EG-T)\G_G-T)ae
= a0l Ne = Na) + ELEY (A7) yrer
—€aef (Ne — Aa) + eleed < (" TAe™0T) s (67)

ae

with summation over a’e’ but not over ae. At this point all we have done is
to decompose the CDJ matrix into its orthogonal subspaces in a Cartesian
basis and to add and subtract € AaeHA()\e — Xa) = 0 to the equation. But
note that this isolates the term linear in 6, which will provide a linearized
term for the expansion. Next, write the Gauss’ law constraint ¥, = j?gpg
in the following form

B (T o = e’ T T AT ) (68)

Project (68) into the shear subspace by contraction with Ege

ELEY ("M Ae™ ) er = €8 “ BLJI (e TAe T yer. (69)

8The main principle is the observation that the CDJ matrix elements corresponding
to the zeroth and the first order term in the polar representation fall into orthogonal
subspaces, which enables one to define a fixed point iteration procedure with a convenient
physical interpretation.
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The left hand side of (69) is the same as the first three terms on the right
hand side of (67). Hence, we can write down the relation

eaaed e = Na) + BLEY (T AT yer
_EAaeeA()\e - /\a) = Egeegle,j}](ee'TAB_G-T)a/e/. (70)

We have now written the angles 64 explicitly in terms of themselves, and
therein lies the basis for a recursion relation. Transfer the second and third
terms of (70) to the right hand side

6AaeeA()\e - )\a) = 6AaeeA()\e - )\a)
+(Bleg g = BLEF ) (2™ T) (71)

Assign the index n + 1 to the left hand side of (71) and the index of n to
the right hand side and we obtain, upon dividing by €aqe(Ae — Aa) # 0,°

Bl (B — 2 J2)("e T A0 T) . (72)

0 1) =00+ IAae(ﬁ)

The physical interpretation is that the righmost term of (72) in brackets
corresponds to the CDJ matrix W, = \I/((IZ) at the nt" order of iteration

\Ilgé) = (ee(n)'TAe—e(n)'T)ae‘ (73)

While \I’gé) automatically solves the Hamiltonian constraint H for all n due
to choice of eigenvalues according to (12), it does not solve the Gauss’ law
constraint G, for n < oo. In this limit we would have

!

litmy, o0 (BYS — 2 7900, = 0, (74)

€
which implies that the operator Eg¢ — e;’cej ]‘Z in its action on \I/gﬁ) provides a
measure of how far away one is from the exact solution. This error is then

applied to the angles J(n) to produce the next level of refinement §(n+1).

Then §(n+1) is used to recompute the corrected CDJ matrix \If[(;elﬂ) using

the same eigenvalues X which solve the Hamiltonian constraint H by con-
struction. The process is then repeated in cycles ad-infinitum.
As a double-check on this result, if one chooses ) = 0, then (72) yields

9That this is possible arises from the fact that the zeroth and the first order terms in
the expansion of Ws.[A; 6] fall into orthogonal subspaces.
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1

A _
o) = Tnae (55

)EgeE;’e’(eg,e,Ag) - IA%( Bl e J9(elh M) (75)

)
)\a — )\e aetg
Note that for 92%) = 0, the second term on the right hand side of (75) vanishes
on account of the orthogonality of the shear and anisotropy subspaces

ELEY (bweher) =0, (76)

and (72) reduces to (34). Hence, the process has produced the correct result
to first order and can then be extended to all orders. Hence, the angles in
the algebraically general case are given by 64 = limn%ooﬁé ) where 9(%) =0
and the recursion relation (72) holds.

Hence, we regard the Gauss’ law constraint as being a constraint on 7]
but not a constraint on Ay. The eigenvalues Ay form a direct input in the
determination of the angles 6 = oa[X; B, which defines a special SO(3,C)
frame where all the constraints are satisfied. The iteration procedure then
proceeds in cycles using two operations. First one rotates the eigenvalues
Ar) into the SO(3,C) frame for the given order, followed by computation of
the resulting error and adjustment to the corrected SO(3,C) frame for that
order. Then one repeats the process ad-infinitum.

4.1 Necessary and sufficient condition for the existence of a
fixed point

Arguments for convergence of a fixed point for the recursion (72) can be
motivated as follows. The norm of ¥, satisfies the following bound

W (P < [T OPAT) o[ (0P 22T g el AR ] < WA (77)

Vi€ X, where

A= VI + a2+ [Xs2 6] = VIO + 672 + |63 (78)

When the 6 are purely real, then Oge = (€%T)4e is a unitary transformation
fixing |W¢4| to |A|, the norm of the eigenvalues. In this case the iteration

procedure must converge. When g is complex, then the existence of a so-
lution is directly related to the sign of the real part of § = Re[f] + iIml[6)].

—

For Re[f] < 0 the iteration map is a contraction, which should yield a fixed

point. For Re[f] > 0, additional steps are required to establish the existence
of a fixed point, if one exists.
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. We now present an argument for the convergence of the SO(3, C') angles
6 under (72) as follows. Recall that the CDJ matrix ¥, is given by

— —

Ve = Wee [)‘ly )\2; ’ﬂ = (eep\l’)\2;:{]-T)af(ee[AlA%ﬁﬂ'T)@f)\f‘ (79)

On the left hand side of (79) is the CDJ matrix solving the constraints,
which is explicitly a functional of two eigenvalues A\; and Ao and the integral
curves v of v,, and on the right hand side is the polar parametrization of
the same matrix. On the left hand side is a Cartesian representation of W,
with respect to three Cartesian directions in an internal SU(2)_ ® SU(2)—
space labelled by indices a, e. The ability to write down this Cartesian
representation implies the finiteness of the right hand side of (79), since the
right hand side has been obtained by the multiplication of three matrices.

If one could compute ¥, by an alternate method, then one could es-
tablish finiteness of the elements on the left hand side of (79). This would
imply finiteness of the right hand side, which in turn would imply that ]
are well-defined and hence the fixed point iteration used to determine them.
Since Diag(A1, A2, A3) is the diagonalized form of W, then the full matrix
can be constructed from its eigenvectors if there are three linearly indepen-
dent eigenvectors. The CDJ matrix, which is symmetric, can be written in
the form

1 Y3 Wy
Vee=| P33 2 ¥y
Wy WUy 3

The characteristic equation for W,. is given by the cubic polynomial

det(\ljae - 5[16)\) = )\3 - (901 + 2 + 903)/\2 - ((101‘;02 + P23
+psp1 — T — U3 — UHA — (201025 — 100003) = 0, (80)

which determines the eigenvalues A, ~ (A1, A2, A3). The solution for to (80)
is given (see appendix D for the derivation of the solution to the cubic) by

- ﬂ \/é(V(LT‘\I’ N (tr\I’)3> ) 4(det\Il + (tI"\Il)(3Var\If) _ 2(%“;1’)3)
F3 3 2 3 1/3 4 ( Varw (trw)s 3/2
<§ (T - T)

(81)

where p = 1,2, 3 label the three roots, which serve as the eigenvalues X, and

Ty 3(z) = cos ™! [%COS:E]. (82)
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However, rather than use the CDJ matrix to find its eigenvalues we will
do the reverse. Starting from the eigenvalues X, we will construct the CDJ
matrix ¥,. from scratch.

The eigenvalues of the CDJ matrix are given by the equation A .u® =
Ageu®, where u€ are the eigenvectors. This can be written as

pru+ Yav + Yow = A, u;
V3u + p2v + Viw = A,v;
Vou + Wiv + p3w = Ayw, (83)

which leads to the solution, labelled by p, of

u 1
WoWUz+Wq(A,—p1)
v = Up U1 U3+0a(Ap—p2)
w ()‘9_901)0\/)_802)_‘1’%
P W U3+ (Ap—p2)

p

for some normalization factor u,. Recalling the polar parametrization of the
CDJ matrix

— —

Voo = Ou0) (e, A1) OL.(0) (84)

and the fact that a symmetric matrix can be diagonalized by the orthogonal
matrix consisting of a set of linearly independent eigenvectors, we then have
the interpretation of the rotation angles as in

up up  ug
0-T
(€ ae~ | v1 va w3
wy wy w3

The ability to write down a solution for the eigenvectors then implies con-
verge of the fixed point iteration procedure.!?

4.2 Construction of a solution

We have presented a prescription for determining the angles g to all orders.
Equation (72) refines the estimate of the angles 4 using a combination of
SO(3,C) transformations and Gauss’ law inversions. The fixed point, if it
exists, is then given by #4 = limn_mOHéL) = 04\, Ao 7).

To convert the quantities computed into an explicit solution, one must
first reconstruct the CDJ matrix using g

10The application is the following. One freely chooses three distinct eigenvalues A1, A2
and A3 solving the Hamiltonian constraint for each point ¥ € ¥ and from this determines
the SO(3, C) rotation matrix simply by construction of the corresponding eigenvectors.
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Uae = Uae[A1, Ag; 7] = (PP0A2TT) 5 (e 0220 T (85)

where the eigenvalues Ay are related via

B Ao
Ag = _<A/\1>\2 + A+ /\2>' (86)

Equation (85) and (86) consitute a general solution to the constraints parametrized
by the two physical degrees of freedom (A1, A2).'" From W, [X, éa] one may
determine the radiation properties of the spacetime by construction of the
Weyl scalars ¥ via

_ A _
ool = —g0ac +thae —> Wy = SEWL (87)
where S;e is a projection operator onto the five components of a massive spin
two tensor representation. 4. is the left-handed part of the Weyl curvature
tensor, expressed in SU(2)_ language. 4 is symmetric and traceless, and
can be expressed in the language of self-dual two forms

YABCD = VaeNABNED- (88)

Additionally, one may reconstruct the metric tensor by first defining the
internal metric 74, from the CDJ matrix solving the constraints, as in

Nae = Nae[M1, A2; 7] = (detqj)(\l’_lqj_l)ae- (89)

Equation (89) contains information regarding the SO(3,C) frame, which
solves the Gauss’ law constraint G,. Additionally, it contains information
regarding the choice of coordinate system used to solve G,. The 3-metric is
obtained by projection of (89) into 3-space ¥ via

hij[A1, A2; 7] = Nae(B™1)§(B™1)5(det B). (90)
The matrix B, which encodes the choice of coordinate system, may be seen

as a gauge group element such that h;; is simply 7, in a different gauge.
Defining the one form

UErom A and A2 one can determine the algebraic classification of the spacetime as
alluded to earlier.
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w' = dx' + N'dt, (91)

where N# = (N, N*) are the lapse function and shift vector which are freely
specifiable, one may reconstruct the spacetime metric

ds? = guydgj“dgp'/ = —N2qt? + hijwi ® W, (92)

In terms of the internal variables, this is given by

d52 = _N2dt2 + Nae [/\17 /\25 ’7](“)& ® we’ (93)

where w® = (detB)"/?(B~1)%w'.

Hence the spacetime metric as well acquires the label of its algebraic
classification as encoded in A1 and A\9. The CDJ matrix can now be expressed
in spacetime via

\I/;:lea _ ZZV ;U (_%5% + )\f(6—0[)\1,)\2;’7]~T)fa(e—9[)\1,Az;’_Y'].T)fe>7 (94)
where X7, = W, Fy, (by the CDJ Ansatz), are the components of a set
of self-dual two forms and Fjj, = Fj [A] is the curvature two form for the
self-dual Ashtekar connection AY.

Note that the Ashtekar curvature B! occurs explicity in the solution
(94), along with the eigenvalues As. The two momentum physical degrees
of freedom of GR are encoded within Ay and Ay. There must be two degrees
of freedom’s worth of configuration variables conjugate to (A1, A2) which
must be accounted for. However, the only configuration variables in (94)
reside within the Ashtekar curvature B¢. Since B! in general contains nine
components, it follows that the information contained within seven of these
components must be regarded as unphysical.'?

12This is reasonable, since B: is determined through (20) from a choice of coordinate
system.
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5 Gauss’ law constraint in the polar representa-
tion: Revisited

We have provided a prescription for determining a special SO(3,C) frame
in two stages, namely by solving the Gauss’ law constraint in the Cartesian
representation, and then transforming the solution for W, into the polar
representation. It is also possible to bypass the Cartesian representation,
writing the Gauss’ law constraint as a set of differential equations directly on
the angles g. This approach provides some insight into the intrinsic nature
of Gauss’ law and gauge transformations in the instanton representation
variables. We would like to solve the equation

Go = ve{Uu} +CI9;, =0, (95)

where v, = B0; are a set of vector fields constructed from the magnetic
field B:. We have defined

C(fg = (5affbge + 5gefabf)cbey (96)

where Cye = A?B is the local ‘magnetic helicity density matrix’ of the con-
nection A% = A%[a],'® which in (96) appears in a kind of tensor representa-
tion with fup. the structure constants of SO(3,C). Since ¥, is symmetric,
it can be written in a polar decomposition when there are three linearly
independent eigenvectors [10]14

Voe = (ee.T)af)‘f(e_ehT)fey (97)

where § = (6%,62%,63) are three complex angles and T = (T4)ae = €Aae
are the generators of SO(3) in the adjoint representation. The complex
orthogonal matrices have the property that

(M) = (" Mpa = (7" )ap; det(e”T) =1. (98)

First let us focus on the parts of (95) involving vector fields, namely v {Age }-
Acting on (97) with v, and using the Liebniz rule, we obtain

3We use the term ‘magnetic helicity matrix’ as a gravitational analogue to a quantity
appearing in magnetohydrodynamics h = fz PrA- B: the magnetic helicity of a Mawxell
potential A with magnetic field B = V x A. While the latter object is global scalar
measuring the linking of magnetic field lines in X, the gravitational counterpart Cye =
AYBL is a SO(3,C) x SO(3, C)- valued matrix defined locally at each point.

'The interpretation is a Lorentz transformation where I m[é] and Re[é] are the rotation
and the boost parts of the transformation, respectively.
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Ve{ Waek = vel (€ D)aprs (7)o} = ved (¢ Dasrs (e e
D) apve A e M) e + (" NapApvel(e ")} (99)

Continuing with the expansion we have

V{03 (€ )ap (Ta) g A (e ) pe 4 (9 )ap(e7T) peve {As}

—ve {0 A p (Ta) pp (70T ) pre

= (" )ar (€T peved A p}t + ve 03 ap (7T )es (Ta) pr A
—ve {01 T )ap (€T )ep (Ta) s Ay (100)

Relabelling indices f +> f’ on the last term of (100) we have

(€ )ap(e T peve {Art + (7 T)ap (") preve {04 HTa) pr s (Af — Ap)
= (" T)ag [VHAS + (Ta) prs (0 = Ap)vip {64}, (101)

where the primed vector field is defined by'?

—-0-T

vy = (7" )geve. (102)

We now multiply (101) by (e=%7),,, in anticipation of some further manip-
ulations. This eliminates the prefactor and changes the index f — h on the
remaining terms. The result is

(e_e'T)have{/\ae} = v'{An} + (Ta) prn(Mn — /\f’)v}’{eA}' (103)

The second term in the last line of (103) decomposes into the following terms

(T1)23(As — A2)vh{0'} + (T1)s2 (Ao — Ag)v5{0'};
(T2)s1 (A1 — Ag)v5{07} + (To)13(As — A1) vi{0%};
(Ts)12(A2 — A)VA{0%} + (T3)a1 (A1 — Ao)v5{6°}, (104)

which can be written as a matrix operator, with rows labelled by h and
columns labelled by A, acting on 6 arranged as a column vector

3 The vector field v. = Bé@i transforms as a vector under SO(3, C') gauge transforma-
tions assuming that B! transforms as a vector. Hence the primed objects correspond to
an SO(3,C) transformation of the corresponding unprimed counterparts, parametrized
by the angles . Therefore it should be understood from the context that the primed
quantities are implicitly gdependent.
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0 (/\3 — /\1)Vg ()\1 — )\2)V’2 91
—QhAHA = — ()\2 - )\3)Vé 0 ()\1 — )\Q)Vll 92
(/\2 — /\3)V’2 (/\3 — )\1)V’1 0 93

We have used the property that (T4)se = —(T4)ea = €Aqe- There is also a
contribution from the first term on the second line of (101), given in matrix
form by

vi 0 0 AL
viiot=1 0 v, 0 A2
0 0 V4 A3

We are now ready to move on to the magnetic helicty contribution to (95).

5.1 Magnetic helicity density contribution

Next, we expand the contribution C({g Afg in the polar representation. This
is given by

CI9W g = (fabfOge + febgOas)Cre(€”™) 1g(e"T)gaa
= (Fabr (") 1a(® ) ea + Feng(€”T)aa(e”™) ya) Chea- (105)

—G-T)

In a similar fashion to ve{\.} we multiply (105) by (e ha, yielding

(e 0T haCI9Nsy = (-(69'_T)ha(e_e'T)dffafb(ee'T)ed
+ferg (€T )nal€T)aa(e)ga ) Coea: (106)

Using (e7%T)pa(€%T)qq = Opq this changes the index d into h, which yields

(e_e.T)hang)‘fg = <_(e_g.T)ha(e_g.T)dffabebe(eg.T)ed)‘d
+febgCre (") gnAn = —(fracClara + Clyin). (107)

In the last line of (107) we have defined

C/d = (e_O'T)chbe(ee.T)ed; C[/d] = (G_G.T)hgfgbecbm (108)

C

which can be seen as transformations of the unprimed quantities into the
same SO(3,C) frame as v/. We have used

€ nale™ Ny (" nefoge = Suav: (109)
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which transformed the last term of (107) into

€Y na(e™) ap farpCoe (€T )eaa
= Frae(€ ") Che (" 1) eara = fraeClola- (110)

Equation (107) splits into the following terms

f123C300 + f1320933 + CljAi;
f231C1923 + f213C051 M1 + Clyh2;
f312C9 A2 + f321C1502 + Cp s, (111)

where we have defined

Chy = Clag); Clgp = Clap; Clg) = Cyy- (112)

Hence (111) in matrix form is given by (incorporating) the minus sign from
(107))

—Clyy Oy Cyg AL
(e_e'T)haCc]:g)‘fg = Lhghg = C3 _C[,2} —C13 )‘z .
—Cy  Cly —Cf A
Combining all terms, we have that
(e ") haGo = —Qnab™ + Dpghg =0 (113)
where we have defined
Dy = 5th; + Dpg. (114)

Equation (113) can be written in the following matrix form

0 ()\3 — )\1)Vé ()\1 — )\Q)Vé 91
()\2 — )\3)Vg 0 ()\1 - )\Q)V/l 92
()\2 — )\3)V’2 (/\3 — /\1)V’1 0

vi—Cly Oy Ca3 AL
= Cy vp—Cly  —Ci A
—Cy C1a e C[Ig}
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In the case where the eigenvalues are unequal A\; # A2 # A3 the matrix fo‘
for certain configurations A{ might be invertible. One could then solve for
the angles using'® The formal solution is the recursion relation

04 = (Q )M Dpghy, (115)

Equation (97) formally establishes a map from the eigenvalues X, for a given
configuration A¢, to the angles . The solution requires the inversion of
Qna, which is a matrix whose elements consist of noncommuting differential
operators. The point is that (95) is not a constraint on X, but rather it is a
constraint on §. One may define a recursion relation

021 = JAA: ], (116)
where 50 = 0 and we have defined Gauss’ law propagator

T A;0n]) = (Q71[A; X, 0))4" Dig[A; 6). (117)
The physical interpretation is that one chooses an SO(3,C) frame to start
the iteration procedure in (115), and then computes the vector fields v, and
magnetic helicity density Cge in this frame. Then (115), seen as a linear
equation in g relative to the chosen frame, provides a correction. Then v,
and C,. are recomputed for the corrected frame and re-inserted on the right
hand side. The process is repeated ad-infinitum.

It appears that a more in-depth analysis would be required to establish
the convergence of this iteration procedure, however one can in principle
determine whether the angles are bounded in the following sense. Applying
the Minkowski inequality to (115), we have

0] < |QTHIDA. (118)

The idea is that (115) and (116) can at any stage in the iteration procedure
be reagrded as a linear equation in 9n+1, with a source term depending on 0
The 6, dependence can be absorbed into the definition of the configuration
variables B! as a gauge transformation, and the equation seen as a linear
equation in an unknown angle ] forming the left hand side. One always has
an equation of this form since it is written anew upon each iteration. Then
(118) provides a bound on this angle based upon the choice of configuration,
encoded in v, and Cy., and upon the eigenvalues. For the former one needs
to determine a norm for the propagator, which should prescribe conditions
for the functions Ay it is acting on.

16This is actually a recursion relation since the angles appear on both sides.
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6 Appendix A: Cartesian representation of the CDJ
matrix

First decompose A4 into a basis of diagonal (anisotropy) and off-diagonal
(shear) components

>\ae = Etjzcesf + ege(pf‘ (119)

In (119) we have defined the following basis of symmetric three by three
matrices, using ef;e = 040e for the diagonal and

E;e = 0420¢3 + 0430¢2; Ege = 0430¢1 + 0a10e3; Ege = 0q10e2 + 0420¢1 (120)

for the off-diagonal matrices, which satisfy the orthogonality relations
BB, = 20%; eles® =0} el By =0. (121)

This is known as the Cartesian representation. Further defining H,. =
e{;w ¢ and My = E,{ew t, the Gauss law constraint reduces to

MopSy+ Hoppp =0 — Sy = —(M ™) ja Hagpy = Ji0g, (122)
where j}?gpg = —(M‘l)fa]flag. Assuming the invertibility of Mgy, (122)
establishes the shear elements S; as a map of the anisotropy elements ¢y,

which upon solution to the Gauss’ law constraint should reduce A, by three
D.O.F.17

7 Appendix B: Inversion of the operator ()

The inversion of the operator ) proceeds along similar lines as in the Carte-
sian representation. The matrix that we wish to invert is of the form

0 z vy
Q= w 0 x
v u 0
We must find an operator-valued matrix U,e = dg10e + dg2be + dg3¢e, such

that

17"The specifics for the inversion of M,y are treated in Paper VII. Our purpose here
merely is to outline the map from the physical D.O.F. to the angles @ which can formally
be defined irrespective of the well-behavedness of 6.
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oW + agv a1z +aszu a1y + a2x
bow + bsv b1z 4+ bsu b1y + box
CoW + €3V C1Z + c3u (1Y + C9X

a; ag ag 0
by by b3 W
Cc1 C2 C3 A%

£ ON
SO MW <
Il

is diagonal. Setting the off-diagonal parts to zero we have

1

a1z+asu=0— a3 = —ajzu ;
a1y +asx =0 — ag = —a1yx
by 4+ box =0 — by = —boxy ';
bow + b3v = 0 —> by = —bowv  ;
COW +c3v=0— cy = —C3VW_1;
c1z+csu=0— ¢, = —csuz L. (123)

We can now solve for the diagonal elements

AW + agv = —al(yx_lw + zu_lv);
biz + bgu = —by(xy 'z + wv lu);
a1y + cox = —cz(uz”ly + vw 1x). (124)

This leaves the elements (a1, ba, c3) undetermined. But these elements cancel
from both sides of the equation yielding

-1

0 z vy
w 0 x
v u 0
yx w4 zulv 0 0 1
=— 0 xy 'z +wvlu 0 —xy !
0 0 uz ly + vw x —uz!

The second factor has the interesting property that the M, = (M[;)l,
which is the analogue for vector-field valued matrix of antisymmetry for
c-numbered matrices.
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