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Abstract

This paper is a self-contained summary of the instanton represen-
tation at the classical level. In this paper we show that starting from
the Plebanski theory of gravity, one can obtain two theories of grav-
ity. The first theory is the Ashtekar theory and the second is dual to
Ashtekar’s theory, where the antiself-dual Weyl curvature is the funda-
mental momentum space variable. We have called this dual theory the
instanton representation. We show how the instanton representation
leads to the Einstein equations in the same sense as does the origi-
nal Plebanski theory, modulo the initial value constraints of GR. The
canonical analysis and quantization of the theory is covered in separate
papers.



1 Introduction: Plebanski theory of gravity

The starting Plebanski action [1] writes GR using self-dual two forms in lieu
of the spacetime metric g, as the basic variables. We adapt the starting
action to the language of the SO(3, C) gauge algebra as
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where X% = %Eﬁydaz“ A dz¥ are a triplet of SO(3,C) two forms and F* =

%F wdxt A dz¥ is the field-strength two form for gauge connection A® =

Ajdzt. Also g is symmetric and traceless and ¢ is a numerical constant.
The field strength is written in component form as Fyj, = 0,4} — 0, A}, +
f“bCAZAC with SO(3, C) structure constants f*¢ = €*¢, The equations of

motion resulting from (1) are (See e.g. [2] and [3])
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The first equation of (2) states that A9 is the self-dual part of the spin con-
nection compatible with the two forms 3, where D is the exterior covariant
derivative with respect to A*. The second equation implies that the two
forms ¥¢ can be constructed from tetrad one-forms e! = eﬁd:n“ in the form

1
¥ =il Ae — §eafgef A e, (3)

which enforces the equivalence of (1) to general relativity. Note that (3) can
also be written in the form [3]

%E“ AXC = %/ —gd'z, (4)

which fixes the conformal class of the spacetime metric g, = 7; Jeﬁ ® e
defined by the tetrads. The third equation of motion in (2) states that the
curvature of A® is self-dual as a two form, which implies that the metric g,
derived from the tetrad one-forms e’ satisfies the vacuum Einstein equations.
The starting action (1) in component form is given by
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where €9123 = 1 and we have defined \Ifgel = 0ge + Vae-
For ¢ = —%, where A is the cosmological constant, then we have that

A
\Ij;el = _géae + ©ae- (6)

The matrix 4., presented in [4], takes on the physical interpretation of the
antiself-dual part of the Weyl curvature tensor in SO(3, C) language. ¥}
is the matrix inverse of W, which we will refer to as the CDJ matrix, and
is the result of appending to .. a trace part.

The starting action (5) presently contains two auxilliary fields ¥, and
Efw,l each of which may be eliminated by their respective equations of
motion in (2). For example, elimination of both ¥,. and X% leads to the
metric-free Jacobson action (see e.g. [4], [5]), which can be written almost
completely in terms of the connection A®

Icpsln, A% Z/ havea(n - F* N F?)F° A FY, (7)
M

where 7 is a totally antisymmetric fourth rank tensor, equivalent to a scalar
density of weight —1, and

habcd = a(écaébd + 5cb5ad) + ﬁéabécd (8)

for numerical constants  and 3. For a = —( and for nondegenerate 4,
(7) implies the Einstein equations in the following sense [4]. Varying n and
A® yield the equations

haped(€ - F@ N FO)FC A FE = 0;
D(hapea(n - F* A F?)F] = 0. (9)

When one makes the definitions

Y = hapea(n - F* A FP)F€,
Vi = ([h(n- FAF)] g, (10)

'For the purpose of the present paper we will assume that ¥, is nondegenerate, so
that its inverse exists. This limits consideration to spacetimes of Petrov Type I, D and
O where WU, has three linearly independent eigenvectors.




then (9) for nondegenerate 1, imply (2).

The purpose of this paper is to show that by eliminating one rather than
both auxilliary fields from the starting Plebanski action, that there are two
possible actions that can result. One action is the Ashtekar theory of gravity
which we derive in section 2. This action follows from elimination of the
CDJ matrix ¥, from (1), and has been well-studied in the literature. The
second action, which we derive in section 3, follows from retention of ¥,. and
elimination of the Ashtekar densitized triad (spatial part of the self-dual two
forms X7, ). We have called this latter action the instanton representation
of Plebanski gravity, which to the best of the present author’s knowledge
appears to be unknown. The present paper will show that the instanton
representation also leads to the Einstein equations, which we show in section
4. In section 5 we show an interesting relation to Yang—Mills theory implied
by the instanton representation.

2 Derivation of the Ashtekar theory of gravity

We will now perform a 3+1 decomposition of the starting Plebanski action
(5). Defining e”kE;”k = 20, and e”kF;”k = 2B, for the spatial parts of the
self-dual and curvature two forms, this is given by

Ip = / dt / x5 AY + AYDGl + S (BL — U l5h), (11)
%

where we have integrated by parts, using Fj;, = Af —D; A§ from the temporal
component of the curvature.? We will use (2) and (3) to redefine the two
form components in (11). Define ef as the spatial part of the tetrads eﬁ and
make the identification

1 i - =P
ef = §eijke“bcagaf(det0)_1/2 = Vdetg (7712 (12)
For a special case ¢! = 0, known as the time gauge, then the temporal

components of the two forms (3) are given by

i be~j~k i~k
0i = §ﬂ€zjk€a ‘clo, + e N’ oy, (13)

where N = N(dets) /2 with N and N? being a set of four nondynamical
fields (See e.g. [6],[7]).

2As with the convention of this paper, lowercase symbols from the Latin alphabet
a, b, c, ... will denote internal SO(3,C) indices, and those from the middle i, j, k,... will
denote spatial indices.



Substituting (13) into (11), we obtain the action

Ipier = / dt / oL A? + A§G, — N'H,[G, A, 0] (14)
%

The fields A and N* = (N, N?) are auxilliary fields whose variations yield
respectively the following constraints
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To obtain the Ashtekar theory of gravity let us impose the following condi-
tions on W !

eyl =0, trol = —A (16)

where A is the cosmological constant. Equation (16) eliminates the antisym-
metric part of ¥, and fixes its trace. When (16) holds, then W_! becomes
eliminated and equation (14) reduces to the action for general relativity in
the Ashtekar variables ([8],[9],[10])

1 . Ny
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where N = N(detg)~/2 is the lapse density function. The action (17)
is written on the phase space Qag, = (7%, A?) and the variable U ! has
been eliminated. The auxilliary fields A%, N and N’ respectively are the
SO(3, C) rotation angle, the lapse function and the shift vector. The aux-
illiary fields are Lagrange multipliers smearing their corresponding initial
value constraints G, H and H;, respectively the Gauss’ law , Hamiltonian
and diffeomorphism constraints. Note that &% in the original Plebanski ac-
tion was part of an auxilliary field ¢ ,, but now in (17) it has been promoted

I
to the status of a momentum space dynamical variable.

3 Instanton representation: the dual theory

We will now show that there exists a theory of gravity based on the field
W ,., which is dual to the Ashtekar formulation of gravity, which can also be



derived directly from (5). Let us, instead of eliminating ¥, !, eliminate the

densitized triad &% from (14) by enforcing the initial value constraints in the
Ashtekar variables. The constraints on the initial Plebanski action are given
by (15). We will impose the Hamiltonian and diffeomorphism constraints
from the theory based on the Ashtekar variables (read off from (17)

~i~j pk ik, ~ipk _
eijkeabcaaach = —geijkeabcaaagam €ijkoy B, =0. (18)

Substitution of (18) into (15) yields

H; = €ijr0305 Vo
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1 i i =
—é(tr\If_l)eijkeabcazagaf> = —V deta(A + tr\If_l). (19)

Hence substituting (19) into (14), we obtain an action given by

I= / dt / B3rat A + ALD;5
b
e N'GIEEU, ) — iNVdets (A + tr¥ ). (20)

But (20) still contains &%, therefore we will completely eliminate ¢ by sub-
stituting the spatial restriction of the third equation of motion of (2)

ol = W,.B., (21)

into (20). This substitution, known as the CDJ Ansatz, yields the action®

Iy = / dt / BV, BLAI + AL DU,
%
+eijp N'BIBE W, — iN(detB)Y/2VdetW (A + tro 1), (22)

which depends on the CDJ matrix ¥, and the Ashtekar connection A{, with
no appearance of o’. In the original Plebanski theory ¥,. was an auxilliary
field which could be eliminated. But in (22) ¥, is now a momentum space

dynamical variable, analogously to the case for ¢ in the Ashtekar theory.

3The CDJ Ansatz is valid when Bfl and W, are nondegenerate as three by three
matrices. Hence all results of this letter will be confined to configurations where this is
the case.



There are a few items of note regarding (22). Note that it contains the
same auxilliary fields (4, N, N) as in the Ashtekar variables. Since we have
imposed the constraints H, = (H, H;) on the Ashtekar phase space within
the starting Plebanski theory in order to obtain I,s, then this implies
that the initial value constraints (G4, H, H;) must play the same role in
(22) as their counterparts in (17). This observation is borne out, whence
substitution of (21) into the Ashtekar action transforms (17) directly into
(22). This relation holds only where ¥, is nondegenerate, which limits
one to spacetimes of Petrov Type I, D and O where ¥,,. has three linearly
independent eigenvectors. For these cases, one might be able to easily derive
results from the instanton representation which are difficult to derive in the
Ashtekar theory, and vice versa.

4 Einstein equations of motion

We will now show that the action (22) produces the Einstein equations. The
starting action of the dual theory is

IDual = / dt / A3xV o BLFS, + € N'BIBF 0,
>
—iN(detB)Vdet¥ (A + tr¥1). (23)

Variation of (23) with respect to the shift vector N? yields the diffeo-
morphism constraint

0 pual _
5N"; = (detB)(B 1)y = 0 — 1hq = 0, (24)
where ¥y = €4qeVqe parametrizes the antisymmetric part of W,.. Since
14 vanishes, then ¥,. on-shell must be symmetric. Accompanied with the
imposition of the diffeomorphism constraint we will gauge fix the shift vector
N, using the equation of motion for vy

5IDual

5ipd

Using the property of the determinant of nondegenerate 3 by 3 matrices B,
this yields the solution

= €gae BEFS: + 2NY (B~ 1)4(det B) = 0. (25)

1.
N7 = S G (BT (26)



The Hamiltonian constraint is given by the equation of motion for the lapse
function N

ol
sy =H= (detB)Y/2Vdet® (A + tr¥ 1) = 0. (27)
Since B! and ¥,. are nondegenerate by assumption, then the requirement
that the Hamiltonian constraint be satisfied is equivalent to the vanishing
of the term in brackets

1 1 1 A2
A b b =0 Ay = —
+/\1+/\2+/\3 B ANt do + A1+ Ao’

(28)

which allows us to write A3 explicitly as a function of A\; and Ag. A1 and A9
will be regarded in the instanton representation as the physical degrees of
freedom.

Since we have already examined the equations involving the antisym-
metric part of ¥,., we will now focus on the symmetric part. Note that the
action (23) can also be written in the form

1
Tinst = / A0 (S WacF, Bl
M
+(BLAY — e N'BIBE) Uoe — V=g (A + trqf—l)>, (29)

where we have absorbed the Gauss’ law constraint into the definition of the
covariant curvature. We will now show that (23) implies the same Einstein
equations of motion arising from the original Plebanski action (1). More
precisely, we will verify consistency with equations (2) and (3). Using

V=g = NVdets = NVh = N(detB)'/*Vdet ¥, (30)

which writes the determinant of g, in terms of its 341 decomposition and
uses the determinant of (21), we have

5IInst 1 b . —1g.—1\b
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Left and right multiplying (31) by ¥, we obtain

1 / / ! !
Z(\Iﬂ’b L) (W FL e 7 = —2iy/=gs" . (32)



Note that this step and the steps that follow require that ¥,. be nondegen-
erate as a 3 by 3 matrix. Let us make the definition

a __ —1\yaeppe _ wsa
E,uz/ - (\Ij ) F/J,l/ - E,ul/[\ljv A]v (33)

which retains W,. and A, as fundamental, with the two form being derived
quantities. Upon using the third line of (2) as a re-definition of variables,
which amounts to using the curvature and the CDJ matrix to construct a
two form, (32) reduces to

iEzyEgge“”md:E“ Adz¥ Ada? Adx® = X0 A8 = —2i/—go® dbz.  (34)
One recognizes (34) as the condition that the two forms thus constructed,
which are now derived quantities, be derivable from tetrads, which is the
analogue of (4). To complete the demonstration that the instanton represen-
tation yields the Einstein equations, it remains to show that the connection
A% is compatible with the two forms X as constructed in (33).

The equation of motion for the connection A, from (23) can be seen as
arising from the relevant covariant part encoded in (29), which is given by

5IInst
) Aﬁ

_ Mo 4 l
= D, (Voo FY,) — 5 7 /Md :E(EmnleBgLBf\I/bf

—INVAetBYdet (A + 7)) =0, (35)

Since there is no occurrence of Af in the N#H,, terms, then the equation of
motion for the temporal component is given by

5IDual
JAg

_ eOijkDi(‘Ifae jek) = Di(\IfaeBé) =0, (36)

which is the Gauss’ law constraint G, upon use of the spatial restriction of
(33). The equations of motion for the spatial components A} are given by

51]nst _ pwp e 5IDual 4 m nn nl
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)
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Let us consider the contributions to (37) due to the Hamiltonian and diffeo-
morphism constraints H,, = (H, H;). Defining
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the contribution due to the diffeomorphism constraint is given by

SH;[NY] §
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= 4EZj(emn,NmB§c\1f[bf]), (39)

and the contribution due to the Hamiltonian constraint is given by

H[N
OHIN} _ 0 / d*ziN (detB)/*VdetW (A + tr¥ 1)
JAT T 5AC [y
—ki /N
_ z’DSa(E(detB)l/z(B_l)g detW (A + tr\If_l)>
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— Dy (5 (B™H4H). (40)

Hence the equation of motion for A, is given by

1
P D (W FE,) + 55;‘1)’;; (((B™)INH + 46N BhWpp) =0, (41)

where we have used that B! is nondegenerate. The first term of (41) when
zero implies the first line of (2) upon use of (33) to construct X7, . The

obstruction to this equality, namely the compatability of Aj with Eﬁ,, thus
constructed, arises due to the second and third terms of (41). These latter
terms contain spatial gradients acting on the diffeomorphism and Hamilto-
nian constraints H,. In order that Aj, be compatible with the two form
¥, = Ve k), we must require that these terms of the form 0;H,, must
vanish, which can be seen from the following argument. Since H, = 0 when
the equations of motion are satisfied, then the spatial gradients from D’
acting on terms proportional to H, in (41) must vanish.

The vanishing of the spatial gradients can be seen if one discretizes 3-
space X onto a lattice of spacing € and computes the spatial gradients of the
constraints ® as 0P = ilimeéoﬁb(:nn“) —®(x,-1)), and uses the vanishing
of the constraints ®(z,) = 0 Vn at each lattice point z,. For another
argument, smear the gradient of the Hamiltonian constraint with a test
function f



S = /Ed?’:nf@iH = — /2 dx(0;f)H, ~ 0, (42)

where we have integrated by parts. The result is that (42) vanishes on the
constraint shell Vf which vanish on the boundary of 3-space 3. This is
tantamount to the condition that the spatial gradients of a constraint must
vanish when the constraint is satisfied.* Of course, the constraints H u follow
from the equations of motion for N*# = (N, N%).

This completes the demonstration of the Einstein equations. The Ein-
stein equations have arisen in the same sense as from (1) using (23) as the
starting point, which is defined on the phase space Qpst = (Vge, A?). These
equations are modulo the initial value constraints and their spatial gradients,
which also have arisen from (23).

5 Relation to Yang—Mills theory

The Ashtekar formulation of GR can be seen as the embedding of the phase
space of metric GR into a Yang—Mills theory. We will now show how Yang—
Mills theory can be imbedded into the instanton representation. Recall that
the action can be written as (29), requoted here for completeness

1
Itnst = / d4$<§\ya6FﬁuFﬁecreuypg
M
+(BLAY — e N'BIBE) Woe — V=g (A + 10 71)), (43)

Making the definition

1 g
Qv — gFﬁngUe“”p , (44)

then the equation of motion (31) is given by

0 = —iN(det B)Y2Vdet W (01w 1o, (45)

We would like to evaluate the action (43) on the solution to the initial value
constraints. When one eliminates the antisymmetric part of W,. via the
diffeomorphism constraint, then one has

“The author is grateful to Chopin Soo for pointing out this latter argument.
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1
Irpst = 5 / Uy FPANF| = / d' 0, Q. (46)
2 Jm H,=0 M
But 6! = W, B! is the spatial restriction of
EZV = \IjaeFﬁy (47)

on 3-space X, and (46) can equivalently be written as

1
I= —/ (T—hyeexa A xe (48)
2J/m H,u=0
The following forms on-shell are also equivalent to (48)
7= / S / ((\If—l)aeza AT+ W FO N F> (49)
M 2 Jm

Returning to (45), the physical interpretation arises from the identification

hij = (det®) (T~ W), (B~HY(B™1) ! (detB) (50)
with the intrinsic 3-metric of 3-space ¥. Upon use of U ! = Bi(c71),
equation (50) yields

hh' =Gi5), (51)

which is the relation of the Ashtekar densitized triad to the 3-metric h;;. In
the instanton representation the spacetime metric g, is a derived quantity
since it does not appear in the starting action (22) except for the tempo-
ral components N# = (N, N*) = (goo, go;), which are needed in order to
implement the initial value constraints. The spacetime metric is given by

d32 = guydgpudgpy = —detz + hwwl &® wj, (52)

where w! = dz*+N*dt and hi; is the induced 3-metric on . The prescription
for obtaining h;; from the instanton representation is though (50), which
holds for nondegenerate B: and W, satisfying the initial value constraints.

Comparison of (50) with (45) indicates that dynamically on the solution
to the equations of motion,

11



Qup = —iNhi; By B} (53)

Since the initial value constraints must be consistent with the equations of
motion, we can insert (53) into (46), which yields

1 .

- / U, F*NF© = —i / Nh;;V,.B.Bld'z. (54)
2 Jm M

Upon use of the CDJ Ansatz ¢ = W,. B!, the spatial part of (47) in (54),
one also has

1 e s

- / W, F*NF = —i / Nh; (O H5 5 d . (55)
2 /M M

Using (54) and (55), one sees that the action for GR in the instanton repre-
sentation evaluated on a classical solution is given by

I=—i / d*xNh;; T, (56)
M

where T is given by

1 o o o
T = (V)G5! + Vae By BY) = 5,5, (57)
Equation (57) admits a physical interpretation of the spatial energy momen-
tum tensor for a SO(3,C) Yang—Mills theory, where ¥,. plays the role of
the coupling constant.

The 3+1 decomposition of the Einstein—Hilbert action can be written as

Ign :/ d'z/=g"R :/ NVh(9" Roo + 29" Roi + hisR7).  (58)
M M

Using h;; RY = —2h;;GY, where G is the three dimensional spatial Einstein
tensor, we can make the identification

iIN

U= T,
G 57, (59)

The implication is that on the constraint shell, the first two terms of (58)
vanish and (59) essentially becomes 3 dimensional GR coupled to Yang—Mills
theory, which is a self-coupling. Considering the following split

12



5 Bl = 5UBI + 5UBY = éikey,, B + 5B, (60)

we see that the antisymmetric part is the diffeomorphism constraint in the
Ashtekar variables, which takes on the physical interpretation as the Poynt-
ing vector for the Yang-Mills theory. This couples to the shift vector N*.
Since the symmetric part of (60), which couples to h;; as in (56) has been
identified with the spatial stress-energy tensor, then this implies that the
energy density is also given by &% B?. This is precisely Icg = E- B upon the
identification of &¢ with the Yang-Mills electric field.

Another intertesting relation arises from the following identification.
Write the Einstein—Hilbert action (58) on the constraint shell in terms of
the three dimensional Einstein tensor. Hence Ryg = Rg; = 0 and we are left
with

Ipm = —2 / dt / dP*rNVhHIG; = —2 / dt / > NVhhi; G h™h™ . (61)
% %

Transforming the contravariant 3-metrics into Ashtekar variables, we have

(Gal)(5051)

= -2 t 3 hz mn ~
IEH /d /Ed:E jG (det0)2

55l

= - ijTmn = |- 2
2/dt/2d TN hi;Gmno,, 06<(det0)> (62)

Comparison of (62) with (55) implies the following relation

Gij = Wae (67 1)f(67)5(deta), (63)

whence the inverse C'DJ matrix is essentially G;; projected from spatial into
internal indices. One of the future directions of research is to examine the
properties of the three dimensional space that defines G;;.

Another result which can be obtained is to substitute v/—g = iN (detB)'/?v/det ¥
into (45, which yields

ngFg‘UEWW = —/—g(T e Hb/S, (64)

Contraction of (64) with Wy, yields

I= / d'x Wy F), Fl e = — / dPz/—gtr 1. (65)
M M
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Using the Hamiltonian constraint tr% ' = —A on the right hand side, we
obtain

I = AVol(M), (66)

which is the volume of spacetime.

14



6 Conclusion

This paper is a self-contained summary of some developments which have
led to a new action which we have called the instanton representation of
Plebanski gravity. This action results from applying the simplicity con-
straint to the starting Plebanski action and eliminating the spatial part of
the self-dual two forms in the time gauge, in favor of the antiself-dual Weyl
curvature (CDJ matrix). The instanton representation action implies the
Einstein equations of motion subject to the initial value constraints of GR.
This implies that in order to solve the Einstein equations in this represen-
tation, a necessary condition is that one solve the initial value constraints.
The initial value constraints in the instanton representation constrain only
the momentum part of the phase space, which leaves considerable freedom
in the means for reducing the configuration space. Additionally, we have
shown some interesting relations of the instanton representation to Yang—
Mills theory.
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