CALCULUS III FINAL EXAMINATION Page 1 of 12
(SM221/SM221P)

0755-1055, WEDNESDAY, 13 DECEMBER, 2017

NAME: SOLUTIONS ALPHA NUMBER:

INSTRUCTOR: SECTION:

Write your name, alpha number, section number and instructor’s name on this page and
on your bubble sheet. Bubble in your alpha number in the space provided on the left side

of your bubble sheet.

PART ONE. Multiple Choice (50%). The first 20 problems are multiple choice. Fill in the
letter for the best answer on the bubble sheet. There is no additional penalty for a wrong
answer, You may use your TI-36X Pro calculator. The transformations from cartesian to
cylindrical and spherical coordinates are included at the bottom of the last page of this

test.
1. A contour map for a function f(z,y) is shown below Which of the following is true at the

point P? g At P, £ dece N
(@) fo(P)>0and f,(P)>0 J ’ 5/4// the olw.c,:c ZESTL‘
% f.:c(P) > 0and fy(P) <0 // Fosﬂ-wc x t\nkls X
fo(P) < 0and f,(P) >0 , ;
\hereases i Bhe dvechan
(@) f.(P)<0and f,(P) <0 r of bhe Posifiee Y- axis

2. Let f(z,y) be the function from problem 1. Which of the following vectors approximates
best the direction of Vf(P)?

() {1,0)

(b) (0,1)

@) v f(#) is the zero vector

3. The directional derivative of the function g(z,y,2) = 2% — 2% at the point (1,6,2) in the
direction of the vector (3,4,12) is equal to

g E Valxyz)= <-2x9,-x, 32> ; Vy(8,6,2)2 <12,-1,42>
> S 4 12
©) 104 u= <|3 Ty
(d) 0
; 4 12
_8 D\?j( 6,2y = <~t2,~1;12 >~ <‘3\l3 73

E '3

= T3E-4rif4 _ 0t_ g
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4, If T{(z,y) = 22% + zy + y* is the temperature at the point (z,y) on the plane, in which
direction should one move from the point (1,2) in order for the temperature to increase the
fastest?

{(a) (1,2)
(b) (2,1) VT(2)=: <6,57>
c) (4,4)

d) {5,6)
r‘—.
69
5, If z = f(z,y) and z = g(¢), y = h(t) where f, g, and ) are differentiable functions such that

93)=2, ¢(3)=5 A3 =-1, K(B) =2
'f":(z’ gl) = 43 fy(2) —1) = -2

VT k) = <4 X4y, X+2u0™

then ci,: when ¢ = 3 is equal to

d
) a1 de 0L dx 38 ds  iUhew 4oz, x=2,y=-2
16 b dx gk y dh
g) 10 S. %L: 4.5+ (-2).2 =4€
8
=23
(e) 2

6. If the velocity of a particle at time ¢ is 4(t) = (2sint, cost) and its position at time ¢ = 0 is
7(0) = (1, —1) then its position 7 (x) at time ¢ = 7 is

(a) (211) - o

(b) {3,1) Feys <-2¢ost, s> +0

(©) (3,-1) = = =< B3,~1>
(Y — - Gl L= Ny C

@ (,1) o= <-2,0 >

<5a_1) : SQ F‘(‘t): <-2C0$\:+%)S\h+."‘l\>

tem = <5,-1 >

7. A tangent vector to the curve r(¢) = (¢ + 1,¢%,t*) at the point (0,1,1) is
a) (1,2t,2t) -
(1,—2,~2) = L0y, 1> whe t=-4
(c) {1,0,0)
(d) (1,2,2)
2,2 oy
@022 C(~L) = <4 -2,-2>

=,
Cl)= <4,24,2¢8™>
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8. The length of the parabolic arc z = y* from (0,0) to (4,2) is equal to

(&) v20 Fl= <t t™> o<tsz

4 34 - -
) [y vV +tidi /12 228,47 ; nrmu-_-/))iwe"-
@fj V14482 de

@ [ PVErydyds A So"/“"t m
(e) f04 IOZ\/Wdydg;

9. The tangent plane to the surface z = 4 — z? + y at the point (1,2,5) has equation
N}

(@8 —2z+y+z=5 Pox,d f,2)=5

(b) z=5+2z(z—1)+(y—2) Prlx, ) 2-2% j Trulh2)=-2
() 2z —y+2=0 Puoxepza 5 for,2)24
@ —22+y+z2=0 Eqn of toanggd plane: Zz §-2(x~1)+1(4-2)
2m_y+z:5 3 Zz —2%+YtTS ™ LR-©Wia=g

10. Let f{t,p) be the speed of sound, in meters per second, when the temperature is ¢ de-
grees Celsius and the pressure is p atmospheres. The statement %{(Z, 10) = 0.4 means

(a) When the temperature is 2 degrees Celsius and the pressure 10 atmospheres, the speed
of sound is 0.4 meters per second.

(b) When the temperature is 2 degrees Celsius and the pressure 10 atmospheres, the speed
of sound increases by 40%.

When the temperature is 2 degrees Celsius and the pressure 10 atmospheres, then for
every degree of increase in temperature the speed of sound increases by approximately 0.4
meters per second. '

(d) When the temperature is 2 degrees Celsius and the pressure 10 atmospheres, the speed
of sound increases by approximately 0.4 meters per second.

(e} When the temperature is 2 degrees Celsius and the pressure 10 atmospheres, the maxi-
mum rate of increase of the speed of sound is 0.4 meters per second.
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11, Let D be the region on the plane between the circles z? + y? = 4 and 2* + y* = 1. Which
of the following is equal to [/, 1dA?

(1) f:ﬂ ff rdrdf (1) 2f32 (V4 —a? -1 —2a?) de m ff, {2z —2y)dA
!@, (I) only
(b) (1) only LM\ o ¢8sem

(¢) () and (II) only 02 L £y €2
(d) () and (I1I) only

(e) (U, I and (I}

12. The volume of the solid region inside the sphere z* + 3 + 2? = 4, underneath the cone
z = y/2? + y? and above the zy-plane is given by

2ar 2 i
(&) / //rdzdrd& -~ o<As2n
0o Jo Jo | T, écfé-‘r/a..
- AT % 2 .
/ / / psing dp d do X
o Jr Jo
2 p2  p/A-12 - 4 G\V
(c) / / / 1dzdrdd V SQS
0 ¢ T

n Th %
@ /zwfgledpdqﬁdﬂ :‘go S‘N/4 S‘O‘DS\hch\:c‘,cecla
0 % 1}
(€) f:f_; (\/w2+y2*\/4—:c2—y2) d dy

13. Reversing the order of integration, the integral fol fx‘f zy? dy dz becomes

1 py?
(a) / / ay? da dy
0 v
o— [l T
@ / / zy? dz dy
7 [ /.
1 y?
(€) / / ya? da dy
0 Y
N
(d) f / xy? da dy
z? 0

z? 1
(e) f / zy? dx dy
v Jo

\
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14. Which of the following is a parametrization for the cone y* = z* 4 2??
(@) r{u,v) = (cosv,u,sinv)

(b) r(u,v) = {cosv,v,sinv)

( r{u,v) = (ucosv, 1, usinv} . . y

{d)) r(u,v) = {(ucosv,u,usinv) (ucost) + (uswy) = W

(© r{u,v) = (cosv, 1,sinv)

15. The work done by the force field F(z,y) = {y, z) along the straight line segment from the
point (1,1) to the point (2,4) is equal to

0 f?' is c-anserm\-'\ue.,w‘;)L ?ok«\'ﬁm&fum}%w\ 'f(.x,‘j'):x-t]
(&) 7

(©) 13 W= %(2,4)-P(4,4)z 8-4=7F

(d) 14

(e} 28

16. For which value of the constant k is the vector field F(z, y) = (W, 2y + cos(2z))
N

conservative?

~2 _@.9_ -_-_-23—29m(2><1 P <

b)) —1 Ox

© 0 éf..__ 24 + ke sw(2)

@ 1 oY )

(e 2 e must have k=-2 -_fw F 4o be comervahiwe

17. Suppose that F(z, y} = {(P(z,y), Q(z,y)) is a vector field whose components have continu-
ous partial derivatives in k2. Let D be the disk z* + y* < 1 and C its boundary. If it is known
that [, F - dr = 0, which of the following must be true?

() F is conservative

o) or _
m % -4 —o

(m ff, (%222} aa=0. Tewe by Grean's Hane

(a) {I) only

(b) (1) only

@ (111} only

(d) (1), (I} and (Iil)

(e) None of the three statements is necessarily true
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18. The outward flux ff; F-dS of the vector field F(x,y, z) = (3z 4z, y*+u1z, 22> —2yz) through
the surface § which is the boundary of the solid cube 0 <3 <2, 0<y <2, 0<2<2is

By the diergece ‘UAM §S F.dS= SSder‘oW (Wwe EM -)‘La_ Y
S‘SSa\w;dV—, SSS 3—4a+23+4a_254v=33g3adv
E

£
=3 (vobume ol £) = 24

19. Suppose that F is a vector field whose components have continuous partial derivatives
in R3. Let S be the sphere z? + 52+ 2? = 1 with the outward orientation, .5; the top hemisphere
with the upward orientation and S, the bottom hemisphere with the downward orientation.
If it is known that divF = 0, which of the following statements must be true?

(I) F is conservative.
M [f,F-dS=0. Tueby diverymee thm
(II1) ffSiF -dS = ffSZF-dS.

(a) (I) only
(II) only

(¢} () and (II) only
{d) () and (II) only
{e) (M), (1) and (II)

20. If C' is the curve consisting of the semicircle z?+y* = 1, y > 0 from (2, 0) to (-2, 0) followed
by the straight line segment from (—2,0) to (2,0), then the line integral

f(:c2 —y)dz+ (z +4°)dy is equal to
o)

c Btj Greons Ll
o S Lo
_dn ()
0 C-2,0) (20
) An :g§i44naA92§Sa4A
(e) 8= D =

] =
=2 o 4= 47T

END OF MULTIPLE CHOICE PORTION OF THE TEST
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PART TWO. Free response (50%). The remaining 10 problems are not multiple choice.
Each is worth 10 points. Answer them in the space provided on these pages. Show all
your work. You may use your TI-36X Pro calculator. No other aides are allowed.

21, (10 points) The table below shows values of the function f(xz,y), defined on the rectangle
R =[0,8] x {0,20].

(a} Estimate the values of f,(4, 10) and f,(4, 10).
[y\z |0 |2 [4 |6 |8 ~ Fl610)-Pr2p0>_ 1F-25
fx(4;|°)~ - ——

0 201913118 4 <

5 2312041141311 ‘
10 28252017 | 14 P (4)10) % £(4,18)-$(4,5) _ 24-14 _ 4
15 [I33[31[24]19]14 D+ o 1o

20 41 140 | 30§ 26 | 20

(b) Use linear approximation to estimate f(4.2,9.9).

Loxiyy= 20 ~2 (x=4)+2-(4-e)

P(4.2,99)2 L(42,91 = 20-2(0.2)+ (-0.1)
=145

(c) Estimate [f, f(z,¥) dA using the midpoint rule with four sub-rectangles of equal size.

i |
T . | Sg‘ffx o) oA % (f(Z,S)ff(Z',l€)-i‘f(6,5)+fl6.f s))AA
to * R

—— = (z0+32 1131 49)-40

>
S
"
b
0
W

3%.40 T 3320
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22. (10 points) Consider the function f(z,y) = 2° — y.

fa) Sketch a contour map of f that includes the level curves at levels z = 0, -1 and —2.
-2 -

Zz0 X?,-b:or\p Y= ><3 v/
&= -1. x?-s-.—i_ ~ 3:)‘?1‘1.

3
E= -2 x"'?.b:-z ~ W= x+2

-1y

(b) On the contour map from part (a) and at the point (1,2), sketch accurately the direction
in which [ increases at the fastest possible rate,

(c) What is the maximum rate of increase of f at the point (1, 2}?
Vecxg= < 3X=4>
VE(1,2)= €3,-1>
Mmax rake of i ncrease of f o C1y2) ¢ "V‘f(l,ﬂ“:'\[ﬂ-—o‘

23. (10 points) Find the critical points of the function f(z,y) = 2y* — z + 2y and determine
whether they are points of local maximum, local minimum or saddle points.

Tm W=t =Q”§ﬁs 5;1 or 3:3:1 Crikieal painks
fb‘: 2-)(%“'2 TO %= ~4 wx=4 ("ig.‘.) c\"\\\ (L,"L)

-_fxx-: o, ‘Eb\a"—' 2X _fxb"‘ﬁax‘:%b

Dooy = o.2x_4b’-____4bz.
D(-A,1)=-4 < Q sa (m4,1)dde saddde paind

D(A,-V)=-4 Lo sa  (4,-D Ry & saud de F"““““-
i =
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24. (10 points) Sketch the region F bounded by the paraboloid z = 9 — 2% — 4? and the plane

B S VSR RVAS (1 W VI ol ol A AP
£ e “a Vg
N LT 9-r"
= SQ Se) (\PE‘ :5\ Olrd’e
_ Stﬂgz‘ir-r ArJﬁ
L3 o

Tniersechns 9 "Xq;al-_-. 5

Nxz:fb-‘-:q.
Y - E 0¢@ sem
\ o=t " p&rs2
2 7> sgr<q-v"

25, (10 points) Let I be the solid region in the first octant bounded by the plane 4x+2y+2z = 8
and the three coordinate planes. If the density at the point (2, y, z) is numerically equal to
the distance from the zy-plane, set up a triple iterated integral equal to the mass of W. Do

not evaluate the integral.

> al. _
X \ic"lma):z l

»~

A 7
0<% <2
x b\‘E‘f W: 055&4*21-

0s2sd 8-9%X-14

N 2, -

N X

M SSS ZO‘V
w 2 a2 E-4X-24

o O

(e 3—‘\2\" O ey O-LS o [705 5'1\1..)

Q
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26. (10 points) Consider the vector field F{x,y, z) = (2zy + 2z + 33*, 2% + 292, = + ¥*).

(a) Show that F is conservative and find a potential function.

2 = 4 3
where n ~AF =
F 1y every "l";“""& and  andtF %k 3/5)3 ;)/t)l - <25v13)-(!-d)?->“"?—3($

2 1,
2xyrza3nt X XY
= LD ,;9,07>

= =
Hente F iy conservaRve-

Palood Funchu:  Poxig) = x"b VI N

(b) Compute fCF -dr where C is the curve r(¢) = {cost,sint,2 —sint}, 0 <t <.

SQI}. dvs £(-,0,2)=-f(1,0,2)= (-2-n - (2+1)
= -6

27. {10 points) Compute the flux [ ¥ - dS of the vector field F(z,y,z) = (z,y, 2) through the

cylinder 2+ 1% =4, 0 < z < 3 with the outward orientation (i.e., the normal vector points
away from the z-axis).

‘ c@s2
S: ?(G,i):’: <2cos®,23mB,2> . O 246?_‘:
- - i ! k. CT

arxdr 3

0 33 -25m 238 O [- <2¢050,25M8,0
o o 1 |

ou}wmﬂ\h origmkohm

[0 a2= 10 BEor) 30 £2E dA = §]<acae, 258,23+ <208023m0,0> d A
S B PR ES D

- (§ 44Az 4.@rea D) = 4. 6T = 24T
D

O‘Et\a\r S.:-Qn..)ﬁM U~5'IY\3 ‘Hu. d\rerca,u._q- -Eg\e,gm ‘ru C‘J\.:u\»a,g_ l:-‘lnn. Surj/&u_
ave possiele,
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28. (10 points) Let S be the part of the sphere 2% + 3 + 2? = 8 that lies above the plane z = 2,
Set up a double iterated integral that is equal to the surface area of S. Do not evaluate the

A y ke
27,08 | S
ax % R-ox -yt ‘< = 2 ) =>
o -9 Va-x ~y VK*XI'U‘
vw»-?-[
ar ér Jg
c))c d;_-) 8—x- -+Q_ e e—

C)H‘:Di“ >

Ll W T, VR ando
Avea ol S = ngdﬁi &o LV_S——?"‘

29. (10 points) Compute the surface integral / / curlF - dS where

s
F(z,y,2) = (z +y,2%2, —z + 2%) and S Is the paraboloid y = 1 — 2 — 2%, y > 0 with the outward
orientation (i.e., the normal vector has positive y component)

& Y - -,

! By Slokes” {“Q\M’ SSCW.QF.A.S: S F. dw
S c
c/n S N
» Whaie Qismc\n.ﬂ.c.ef.mdiwhl on Tl xE-phane

{ s CC&hk\r:\s\ o4 ML ME““) wuﬁ’\ chackuise CN&%!’&F‘W\

C: v @ = L st-\:.,o,-smt-_b- o £t ¢ 277

~ . LR ,
Se, SF'O““S Flr) rodk =
C

A 0
= S <—S\ni -ccs-L.S\h'\: —-Ccadt P JL-Sm ok, Q,-cas{‘?ngbl
[aY

H

Sut swmi +cos & Lk

[+

= 277
Qbhcop-b\uﬁ« SS m&;d% = 27
S
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30. (10 points) Prove the following Theorem: Let C' be a smooth curve given by the vector
function r(t), a <t < b. Let f be a differentiable function of three variables whose gradient

vector Vf is continuous on . Then

/C Vf-dr = f(x(8)) - F(x(e))
e

= -
(P:f.- JCV;" e = S Vet ) v’ v clA-] by defmikon, T vd)= <xd,40,20>
O

- -/
we hove ; VR .r ()= %f;(\}‘.m).x’(a-r%f:c?a—n.g’(t)-\-é&(?w)-%'(4:3
x 3

oz
Lut'\id\, 133 Lhe chain \ru.ﬂ,o,) B eguad La ﬁ;(_fc;“nB .
b \ o
Sa VLIS - d [y - _ _Dpa by H Pndaman
SC £ gq J(‘fc\rm)dﬂ— = _-E(Y(H)L:Q (tfwm‘g‘:{ Qi)

=P e =~ ()

Spherical Coordinates Cylindrical Coordinates
x = psin¢cosf x =71 cosft
y = psingsind y = rsind

Z = pcos¢ Zz=2z




